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PREFACE

Recent rate experiments have provided an
improved basis for exploring the nature of re-
sponse to fertilizers. More rates of each of the
principal plant nutrients—nit.ro%en. phosphoric
oxide, and potash—are now applied at different
levels of other yield-influencing factors than was
done in the past. As results from more of these
experiments become available, studies can be
made as to the relative merits of different yield
equations. Equations that are found to be satis-
factory may be used in estimating yield response
and returns per acre at different combinations of
yield-influencingfactors. Thesestudiesinvolve use
of statistical methods, so that statements may be
made with confidence for each important conclusion,

There is always need for continuing tests of
adequacy of different yield equations and for de-
termining confidence limits of estimates developed
from the tests. Statistically trained researchers
will need to make these evaluations. However
many research workers, teachers, and others will
find graphic methods useful in obtaining the
practical answers desired. Sums of squared
residuals can then be used to indicate the amount
of variability in the reported data. The method
presented here is intended for those who have
neither the time nor the facilities to obtain results
that are statistically precise, but who are called
upon to make recommendations regarding profit-
able use of fertilizer.
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A Graphic Method of

Interpreting Response to Fertilizer’

By D. B. Ibach, agricultural economist, Production Economics Research Branch, Agricultural Research Service

SUMMARY

The exponential equation used here lends itself
well to graphic methods of estimating response to
fertilizers. The most profitable rate of a fertilizer
can be read directly from a graphically fitted curve.
The most profitable combination of two or more
nutrients may be calculated readily after the con-
stants of the equation are found by graphic meth-
ods for each nutrient. When they are carefully
done, graphic methods yield results that closely ap-
proximate those obtained from mathematical de-
termination of the constants. Graphic methods of
using the exponential equation are easily followed
by those unfamiliar with statistical techniques,
who often need to make recommendations as to
use of fertilizer based on results of rate
experiments.

The important use of a yield equation in con-
nection with fertilizer rate experiments is to predict
the most profitable rates and combinations, and
the yields of the crops at those rates. Possibilities
of profitable substitution (economic) of one
nutrient for another are limited. A decline in the

rice of the crop subsequent to application of

?erti]izer at a given rate is of little significance with
respect to the optimum economic rate of applica~
tion. The amount of reduction in return above
cost of fertilizer because of failure to apply the most
profitable rate depends on the shape of the curve
of response to additional applications. Existence
of risk factors will usually suggest applications
so?ewhat below the calculated most profitable
rates,

Use of different equations may produce results
that fit the reported yields about equally well for
that part of the surface that is of practical interest.
Ease of handling the work and goodness of fit over
the range within which applications would be most
profitable for farmers with either limited or
unlimited funds are important points to be con-
sidered in selecting an equation.

\-

! This handbook supersedes U. 8. Bur. Agr. Econ. F. M.
]1)05kDetenninin Profitable Use of Fertilizers, 1953, by

- B.Tbach and 5. W. Mendum. _Acknowledgment is due
8. W. Mendum and Burton L. French, Production Eco-
Domics Research Branch, Agricultural Research Service,
or helpful suggestions and assistance in the computations
&nd for consultation on statistical methods, respectively.

Experiments should include rates that encom-
pass the total range in response, so that a reliable
estimate of the maximum yield can be obtained.
Also, an adequate number of rates in the area of
greatest curvature is needed to give reliability to
estimates of yield in that portion of the curve. If
these conditions are met, recommendations based
on fitted curves—graphic or otherwise—need not
be questioned because of deviations on the steeper
part of the curve or on the portion to the right of
the most profitable rate. On the steep part of the
curve, returns usually are so high that this part of
the curve needs no special study even for the
farmer with limited funds. Then, as the calcu-
lated most profitable rate is approached, the
response to additional fertilizer is usually so small
that risk factors outweigh possible gains from
further increments in yield, even for farmers
whose funds are unlimited.

The first pages of this handbook include discus-
sion and illustration of a graphic method of fitting
the curve, and of the results obtained. This part
of the handbook, together with Appendix table 9,
should be useful in developing recommendations
and other illustrative material based on suitable
response data. The rest of the handbook concerns
the question of minimum cost combinations for a
specified yield. It contains also a comparison of
results from use of the exponential and the
quadratic square-root equations.

THE YIELD EQUATION USED

The equation illustrated—an exponential form—
was presented and discussed earlier.” It rests on
the hypothesis that as fertilizer is added in units
of uniform size, with other factors unchanged,
increments in yield decrease at a constant per-

2 IpacH, D. B., and MzenpUM, S. W. DETERMINING
PROFITABLE USE OF FERTILIZERS. U. S. Bur. Agr. Econ.
F. M. 105, 70 pp., illus. 1953.

SpiLLMaN, W.J. USE OF THE EXPONENTIAL YIELD CURVE
IN FERTILIZER EXPERIMENTS. U. S. Dept. Agr. Tech. Bul.
348, 66 pp., illus.  1933.

SeiLLmaN, W. J., and Lang, E.
ING RETURNS. 178 pp., illus.
1924.

THE LAW OF DIMINISH-
New York and Chicago.
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centage rate. This ratio between successive incre-
ments in yield may have a different numerical
value, depending on growth conditions.® Under
most field conditions, some factors usually operate
to limit the yield that could be obtained if all
conditions were ideal. For practical purposes
therefore, it is necessary that the method use

allow for variation in the constants of the yield
equation, according to conditions of the experiment.

For purposes of illustration here, the equation
reflecting the hypothesis indicated above is writ-
ten as y=M (1—R?). In this equation, y is the
calculated yield at any specified level of the nutri-
ent, M is the theoretical maximum yield attain-
able through use of fertilizer, for conditions
accompanying the reported yields, R is the ratio of
successive increments in yield—a constant having
a value more than 0 but less than 1.0— and x
is the quantity of the independent variable—
fertilizer—changes in which are found to be asso-
ciated with changes in yield. The term ‘“1—R*’
is expressed as a decimal fraction, which repre-
sents the ratio between a partitular yield and
the maximum yield. The quantity of a plant
nutrient (z) associated with yield refers to both
soil content and applied portion. For example,
when z refers to nitrogen (N), soil content is
designated as n, and @ is used to indicate the
applied portion. Thus, z=n-4a. Similarly, for
phosphoric oxide (P,05), z=p-b; and for potash
(K;0), z=k-+c. The term “soil content” as used
here is not meant in a strictly literal sense. The
symbols n, p, or k designate constants that are
functions of the yield equation used.

Results that involve one or more than one
independent variable can be obtained. For com-
binations of independent variables, results are
obtained at present only by fitting each regres-
sion curve at a specified level of each of the other
nutrients. Thus far, no one has worked out for the
exponential model a convenient method of solving
the least-squares estimating equations when more
than one input is applied at different levels of
other inputs. Also, such a solution would not
lend itself to simple graphic treatment. For the
present, the multivariable form of this equation
1s used for any particular experimental data
under the assumption that the rate (R) of response
to a nutrient is the same at different specified
levels of other nutrients. The results applied in
this way to three factorial experiments are com-
pared with those obtained from simultaneous
estimates of values for another equation applied
to the same data.

3 E. A. Mitscherlich in Germany developed the hypothesis
that for a given size of unit of a specified nutrient the ratio
between successive increments in yield is constant for all
%-ﬁps and §oills, prgvideddno otﬁmexiI factors limit the yield.

is view is also advanced in the United States, pri i
by O. W. Willcox. _See » primarily

MirscrERLICH, E. A, DAS ERGEBNIS VON UBER 27,000
FELD-DUNGUNGSVERSUCHEN. Ztschr. f. Pflanzenernihr.
Diingung u. Bodenk. 38: 22-35. 1947.

Witrcox, O. W. ABC OF AGROBIOLOGY.
New York. 1937.
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Graphic Use of the Exponential Equation

As the equation used is based on the assump-
tion of a constant ratio (B) of decreasing incre-
ments in yield, a table of 1—R* (yield ratio)
values based on some specified value of R can be
prepared. As Spillman had prepared such a
table in terms of R=0.8,* this value is adopted
(see table 9, Appendix). This table of yield ratio
values may be put in the form of a graph, or
graphs, in which these values on the vertical scale
are plotted against number of units of the size
required to make R=0.8. Connecting the points
plotted in this way results in a “standard yield
curve.” Plotting this on different horizontal
scales (unit values) results in standard yield
curves of different shapes. For convenience, a
specified value of R (0.8) is used, but reflection
of different rates of response in different situa-
tions is permitted by the fact that the scale which
indicates the size of a unit is different for each
standard curve. The number of units associated
with a particular yield ratio value is the same
on all curves.

Several such curves should be prepared so that
use of some part of one of them will result in esti-
mated constants that closely approximate those
mathematically determined, if rates used in the
experiment cover a range wide enough to charac-
terize the response and, particularly, to locate
the area of the maximum yield. If rates do not
extend well beyond the steeper part of the curve,
only estimates of yield falling within the range
of rates applied can be considered reliable. How-
ever, this limitation is often less serious with
respect to the exponential equation than with
others. If the pattern of reported yields gives
evidence that no further response would be ob-
tained, reliability of the value of M read from the
curve for use in the prediction equation will be
greatly increased.

Standard yield curves that are clear and thin
should be drawn to dimensions that permit use
of overlays on which yields can be plotted on a
scale that is large enough to permit accurate
readings. Figure 1 illustrates part of a standard
yield curve. The horizontal line across the to
of figure 1 represents M, the maximum yiel
That is, at M the 1— R?, or yield ratio, value is 1.0.
For permanent use, standard yield curves may be
photographed on layers of opaque plastic material.

FITTING THE STANDARD CURVE TO REPORTED YIELDS

Reported yields can be plotted against rates of
application on cross-section paper. By using the
overlay process, it is possible to find a portion of
one of the standard curves that appears to approxi-
mate a least-squares fit to the data. Figure 2
illustrates a set of data plotted on an overlay
sheet. Figure 3 shows figure 2 overlaid on the
standard curve of figure 1. Figure 3 is enlarged.

4 See footnote 2, p. 1.
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Figure 1.—Section of standard yield curve when R=0.8.

to permit more exact estimates of fractional units
and yield ratio values.
en a position on the standard curve is found
so that the curve appears to fit the data, further
refinement can be obtained by counting the devia-
tions of reported yields both above and below
the standard yield curve. These may be re-
corded and totaled in 2 columns, 1 for “4”” and
1for “—” deviations. When the sum of these 2
columns is as nearly 0 as can be obtained, the
fit may be said to approximate the fit that could
be determined mathematically, provided that the
sum of squared deviations is smaller for the part
of the curve tested than it would be for some other
part of the curve or another standard yield curve.
en the estimate of best fit is obtained, the
aximum yield (A4) is read at the point at which
the yield scale on the overlay sheet intersects the
top line, indicating that 1—R*=1.0 on the stand-
ard yield chart.
- Thus, by repeated trials in which the position
of the overlay sheet is shifted, it is possible by
graphic means to obtain a fit to the curve that
closely approximates one that is mathematically

determined. Care must be taken to see that the
overlay sheet is held in a position that ‘“squares”
with the grid marks at the edges of the sheet on
which the standard yield curve is shown.’

RESULTS FROM BOTH GRAPHIC AND PRECISELY FITTED
CURVES

Three experiments in 1952 and 1953, each carry-
ing 12 rates of nitrogen on irrigated corn, were
used in comparing results from use of the graphic
method described with results obtained later when
the least-squares fit was precisely determined. In
determining the least-squares fit, the iterative
method demonstrated by Stevens was carried out

§ Even when an accurately computed curve is desired,
this graphic approach saves time, in that often only one
series of computations is required to find the true constants.
Experience thus far indicates that use of this combination
of the graphic approach plus one operation of the mathe-
matical solution results in standard errors that are little
improved by further iterations. Thus, for most practical
purposes, the graphic device as a preliminary step makes
use of the exponential function as easy and as rapid in
developing a least-squares fit as does use of other functions
that do not require iterative techniques.

3
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Figure 2.—Reported yields per acre of corn when nitrogen is the variable nutrient.

uatil no improvement in the fit could be obtained.®
Results from the 2 methods are compared in table
1. Comparisons were made of all 12 rates of
nitrogen and also for a smaller number of rates
well distributed over the range. Results were
about the same; they indicated that, in these in-
stances, 5 or 6 rates distributed over the range
were adequate for purposes of economic interpre-
tation. In the 3 experiments, rates were carried
to levels sufficiently high to characterize the
response. Inclusion of such levels is important
in obtaining reliable answers through use of any
yield equation.

In 3 of the 6 comparisons between graphic and
precisely determined curves, differences in yields
at the most profitable rates were smaller than 1
standard error in the yield at the most profitable
rates on the mathematically fitted curves. (Com-
pare differences between table 1, cols. 3 and 4,
with the standard errors shown in col. 5.) This
means that these differences in yields are no greater
than might be expected as a result of chance.

¢ Srevens, W. L.
metrics 7: 247-267.
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ASYMPTOTIC REGRESSION. Bio-
1951.

The effect of differences in the most profitable
rates of nitrogen, as calculated from the two
methods, is brought out in columns 8 to 10, table 1.
In column 8 is shown the return above cost of
fertilizer when it is calculated from the graphically
fitted curve. Column 9 shows the same for the
mathematically fitted curve. Then, using con-
stants of this curve, the return above cost of
fertilizer was calculated for the rate indicated as
most profitable on the graphically fitted curve.
These results are shown in column 10. Differences
within these three columns are negligible. Differ-
ences between columns 9 and 10 represent what &
farmer would lose per acre if he applied the
graphically estimated most profitable rates In-
stead of those calculated with precision. This
assumes that conditions of the experiment were
duplicated exactly in the field. The probability
of this occurrence is remote.

Sums of squared residuals for the two curves are
also shown in table 1. These sums are approx-
mately twice as great for the graphic as for the
mathematically fitted curve. Obviously, if the
problem were one in which precision, rather than
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Figure 3.—Reported yields of corn at different rates of nitrogen superimposed on standard yield curve.

a basis for approximate field recommendations
was needed, the mathematically fitted curve would
be necessary. But in interpreting results for
application in the field, approximations that can
be made by the method described produce results
80 close to those obtained by the most accurate

methods that the additional time required by the
mathematically fitted curve is not justified. If
the exponential equation is suited to the data at
hand, the graphic method of fitting the curve is a
useful device for those who need reliable answers
quickly.

TasLE 1.—Comparison of most profitable rates of nitrogen for corn, yields, residual sums of squares, and return per acre, as
calculated from graphic approzimation to least squares and from mathematically determined least-squares fits to the reported

data, 1952-53 1

Yield per acre at
Most profitable Residual sums of Return per acre above cost
rate of nitrogen— mostnﬁl:)ftable Stand- squares— of fertilizer—
v
of yie
On fitted
. . ;r%ﬂg{e At most profitable | oproety
Experiment and series of data used rate on rate— ‘most prof-
On graph-| On fitted |On graph-| On fitted | "gi 3 (Ongraph-| On fitted itable
i i ic curve | curve
iccurve | curve | iccurve | curve ourre | ccurv On graph-| On fitted grra:g on
iccurve | curve | S ue
@ )] ® @ (5 ® ™ ® © (10)
Experiment 1, Hardy, Nebr.: Pounds | Pounds | Bushels | Bushels | Bushels Dollars | Dollars | Dollars

8 rates spaced over range. .. 136 153 | T118.11| 119.90 | +1.38] 76.38| 2731 | 147.25| 145.78 |  145.00

E 12rates.__________________ 134 164 | 118.99 | 121.63 | =+1.37 | 331.35| 161.74| 147.53 | 146.47 145. 50
Xperiment 2, Ontario, Oreg.:

8 rates spaced o S 168 151 140.69 139.01 +5.03 85. 40 74. 96 173.23 173.23 173.08
Bl 12 B oo e T 168 164 | 142,01 141.75| £1.71| 270.29| 254.78 | 174.65| 175.04 [  176.07
“xperiment 3, Prosser, Wash.: 4

6 rates spaced over range.. ._.................. 233 267 | 137.86 | 140.92 | =+£2.71| 121.27 52.80 | 158.52 | 157.39 156.45

A2 roggg e, OVer FADER...ooooomo oo 231 269 | 135.3¢ | 140.25 | 1.9 | 519.06 | 307.20 | 165.2¢ | 16.12| 16498
I ! Based on data contained in U. S. Dept. Agr. Tech. Bul, 1141, A Method of Economic Analysis Applied to Nitrogen Fertilizer Rate Experiments on

Igated Corn, by J. L. Paschal and B. L. French. [In press.]
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GRAPHIC ESTIMATE OF YIELDS AND MOST
PROFITABLE RATE WITH ONE NUTRIENT VARIED

An estimate of yield at any rate of application
is read from the standard curve traced on the
overlay sheet, which is scaled to show yields and
rates of application. When only 1 independent
variable is involved, it is not necessary to find
constants of the yield equation. The yields are
read directly from the curve, as indicated in
figure 3. In this illustration, the curve is based
on 9 rates of N, including no application, with no
other fertilizer variable.

The most profitable rate of application is
located by a simple calculation. Figure 4 repre-
sents the overlay portion of figure 3, with the
curve traced in. The abscissa of figure 4 is scaled
to indicate 10-pound units of application so that
increments in yield associated with each 10-pound
unit may be estimated. Suppose 10 pounds of N
costs $1.60, including cost of application, and that
a bushel of corn standing in the field before harvest
is worth $1.40. Then 1.14 bushels of corn are
equal in value to 10 pounds of N ($1.60/$1.40).

This would mean that it would be profitable to
apply N until the last 10 pounds added would
result in an additional yield of 1.14 bushels of corn.
So the most profitable rate is within the 13th
10-pound unit applied, because this unit is asso-
ciated with the last increment in yield that is
equal to or exceeds 1.14 bushels. Thus, the most
profitable rate is between 120 and 130 pounds of
N, and the yield at that rate is between 120 and
122 bushels.

If the standard yield curve and the overlay
grid are plotted on a sufficiently large scale, these
estimates may be made easily with sufficient
accuracy for any practical purpose. For example,
based on an accurately calculated least-squares
fit, the most profitable rate of N was found to be
129 pounds, and the calculated yield at that rate
is 121.6 bushels.

The particular shape of the curve in the area of
greatest curvature may affect substantially the
estimate of the most profitable rate. This serves
to emphasize the importance of an adequate
number of rates in that area, as well as in the area
of the maximum yield.

ESTIMATING MOST PROFITABLE RATE

From Corn Yield Response to Nitrogen
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Figure 4.—Estimating the most profitable rate from com yield response to nitrogen.



GRAPHIC ESTIMATE OF YIELDS WITH TWO NUTRIENTS
VARIED

The illustration presented here is one in which
the reported yields at different rates of N, used in
developing the curve, were obtained when the
application of P,0; was held constant at 160
pounds per acre. Similarly, yields used in finding
constants for the P,O; curve were obtained when
the application of N was held constant at 160
pounds. Graphic methods may be used in finding
the constants of the curve for each nutrient.

In figure 3 the abscissa of the overlay (fig. 2)
was purposely coordinated with the unit scale of
the standard curve of figure 1. This was done to
show the relationship between the scale in pounds
for the nutrient applied and the number and size
of units (z) when R=0.8 for the curve as fitted.
Coordination of the overlay with the standard
curve in this way permitted direct reading of n
from the abscissa of the standard curve. It also
permitted use of the scales on the standard curve
for obtaining values from which is computed the
size of a unit of N needed to make R=0.8, referred
to as u,. The reason for this careful coordination
was to illustrate more closely the relationship of
these constants to the curve.

However, in practice it is neither necessary nor
feasible to obtain the precise coordination of scales
on the overlay with those on the standard curve.
All that is required is that one of the standard
curves (many should be prepared) be found that
fits the data, and that it be used only to obtain
a reading of M on the ordinate of the overlay and
of the desired estimated yields on the curve that
are coordinate with rates of application designated
on the abscissa of the overlay. The constants n
and u, are derived from these readings.

The general method suggested for estimating
the values of the constants 7 and u, (or p and u,
or k and u,) involves use of two yields read from
the fitted curve, each subject to the following
restrictions applicable to some data. Near 0
application with low-level fertility, the curve rises
so steeply that it is difficult to locate the point
on that part of the curve that is coordinate with
a specified rate of application designated on the
abscissa, of the overlay. Similarly, as the curve
approaches the maximum yield (1), there is a
wide range in rates of application indicated on
the abscissa within which it is difficult to deter-
mine the rate that is coordinate with a specified
yield on the curve. The problem is to avoid these
extremes in order to obtain readings oun the vertical
and horizontal scales that are coordinate with each
other, when the readings are to be used in estimat-
Ing constants of the yield equation. .

Accurate readings are more easily obtained when
these extremes are avoided. Then, accurate cal-
culations made from these readings will result in
coustants from which any yield calculated will
fall on the standard curve from which the two
Yield readings are taken. A good general rule is
to take the two yield readings at points that en-

363788—KR—0

compass the area of greatest curvature, Accuracy
of the constants can be verified by using them to
calculate a few yields over the range of observa-
tions. Lack of precision in reading yields from
the fitted curve, or in the computations for finding
constants, will have the greatest effect on accuracy
of calculated yields at points that are farthest
removed from the two readings taken.

Constants and Yields on the N Curve.—One of
the constants on the N curve, M, has been esti-
mated graphically as about 126.4 bushels (fig. 3).
Next is needed the unit value, in terms of R=0.8,
of the two components of z—soil content and
applied portion. As indicated earlier, z for N is
n+a. When the unit value of n+a has been
found for any rate of application, its associated
yield ratio (1—R?) value multiplied by M results
in the calculated yield at that rate.

Referring to figure 3, » (in pounds) is found by
measuring the distance to the left from 0 applica-
tion on the overlay sheet to the curve. In units,
n is represented by the distance on the unit scale,
z, between the point directly below zero applica-
tion and the point below the intersection of the
curve with the abscissa of the overlay sheet. The
unit value coordinate with 0 application is 5.75.
The curve crosses the abscissa of the standard
yield chart at a little more than 4.8 units, esti-
mated at 4.85. Therefore, the graphic estimate
of n is 0.90 unit (5.75—4.85).

However, as described earlier, n is more easily
determined without requiring that the overlay be
tailored to fit the dimensions of the standard curve.
The yield at 0 application (y,) is read from the
curve as 23.3 bushels. At this yield, the yield
ratio is 0.184 (23.3+M, or 126.4). From a table
of 1—R* values (table 9), the x value of 0.184 is
read as 0.91 unit. It differs only slightly from
that read directly from the standard yield chart.
This method does not require that fractional units
be indicated on the standard chart. Nor does it
require that the abscissa on the overlay sheet be
coordinate with 0 yield.

Next is found the number of pounds of a (ap-
plied N) required to make R=0.8, which is
referred to as u,. Zero application is coordinate
with 5.75 units, and the 320-pound a,pplication
is coordinate with a little more than 39.5 units,
estimated at 39.55. The difference—33.80 units—
covers a range of 320 pounds. Thus, 320--33.80=
9.47 pounds=u,. (This value may be estimated
in this way from any 2 points on the curV(_a.)
Then, pounds applied divided by u, equals units
applied. For example, when a is 160 pounds, a
in units=160-+9.47=16.89 units. Thus, nta=
0.90+16.89=17.79 units, when the application
is 160 pounds per acre.

However, as mentioned earlier, u,, as well as
n, is more easily determined in a way that does
not require that the overlay be tailored to fit the
standard curve. The following calculations illus-
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trate the more practical use of the graphic method
for this purpose.

Yoo+~ M =124.0+-126.4=0.981 whose z value is 17.76
Yo-M=23.3+126.4=0.184 whose z value is 0.91

Difference 16.85

Then %,=160-+16.85=9.50 pounds, close to the
value read from the standard yield chart. Asin
the optional method of calculating n, z values
are read from a table of 1—R? values. The op-
tional method may be faster if both a calculating
machine and a table of 1— R? values are available.
The latter is needed in preparing the standard
yield curves. However, if the optional method is
used, the standard curves may be drawn to_a
smaller scale. When estimates n and u, are to be
read from the graph, the scale must be large
enough to permit reading of fractional units,
if results are to correspond closely with those
obtained with more precise methods.

The yield at 160 pounds of ¢ may be read
directly from the curve as about 124 bushels.
It is necessary to use constants of the NV curve,
together with those of other nutrient curves, in
calculating yields at different combinations of
nutrients. To illustrate use of the constants in
calculating the yield at 160 pounds of g, it is re-
called that the unit value of n+a at 160 pounds of
a is 17.79, based on direct graphic estimates.
Reading upward from 17.79 on the unit scale, to
the curve and across to the left to the yield ratio
scale, the yield ratio is found to be about 0.981.
Then, y=M(1—R*=126.4 (0.981)=124.0 bush-
els. The yield at any point on the curve is
calculated in the same way. Or, using the op-
tional method, the value 0.981 may be read from
a table of 1— R® values.

Constants and Yields, the P;0; Curve.—These
are developed in the same way as illustrated for
the N curve. Constants are based on respounse to
9 rates of P,0O;, with applied N held at 160 pounds
per acre. Read graphically, the constants are,
M, 121.5 bu., p, 0.50 unit, and u,, 7.63 pounds.
At the 160-pound rate, b contains 20.97 units
(160+7.63). Thus, at this rate, p-b is 21.47
units (0.504-20.97). Reading from figure 3,
or from a table of 1—R* values, the yield ratio
value at 21.47 units is about 0.992. As y=
M(1—Rr+?), y=121.5 (0.992), or 120.5 bushels.
As the method is the same as that for the N
curve, a graphic illustration is not included.

Mazimum Yield for Any Combination of Nu-
trients.—The combination, 160 pounds of N and
160 pounds of P,0;, is found to occur on both
curves. But in estimating a least-squares fit of
each curve, the yields at this combination are not
quite the same. Both curves are taken into
account in estimating the maximum for the com-
bination, subsequently referred to as M,.

On the N curve, the yield at 160 pounds of N
and 160 pounds of P,0; is 124.0 bushels. Units
of n+a are 17.79 and the corresponding yield
ratio value is 0.981. At this combination on the
P,O; curve the yield is 120.5 bushels. Units of
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p-+b are 21.47 and the corresponding vield ratio
value is 0.992. The product of these 2 yield
ratios is 0.973, or 0.981X0.992. Thus M,, as
calculated from the N curve, is 124-+0.973, or
127.4 bushels. On the P,O; curve, M, is calcu-
lated as 120.5--0.973, or 123.8 bushels. The ac-
cepted value of M, for purposes of subsequent
calculations is 125.6, or the average of the values
calculated from the 2 curves. In calculating
yields at any combination, the process is reversed,
and y=M,(1—R"*%) (1—R?*?). )

Inclusion of a third nutrient, K;O, involves the
same steps. When the graphic approximation to
least squares has been found, the maximum (M)
is read from the standard vield chart. As for
N and P,0;, z consists of 2 parts for K,O, re-
ferred to as k and ¢, respectively. Then, y on
the K,0 curve is calculated as y=M(1—R*).
The yield on the K;0 curve is estimated for the
combination that is common to the 3 curves.
Then, M; is calculated from that point on each
yield curve as:

My=y/(1—B*)(1—R#*) (1—B*)
and the average of the 3 values of M, thus ob-
tained, is used in all subsequent calculations that
involve combinations of N, P,0;, and K,O.

Yields at Any Combination

Using as M, the value 125.6, the yield at any
combination of N and P,0; is calculated as
y=M(@1—R"**)(1—R?*?). The value of n has
been established at 0.90 unit and the value of p
at 0.50 unit. On the N curve, u, was found to
be 9.47 pounds and on the P,0; curve %, was found
to be 7.63 pounds. Thus, ¢ and b in units are
derived as pounds of applied N (¢) and P,0; (b)
divided by 9.47 and 7.63, respectively. Thus,
160 pounds of applied N is equivalent to 16.89
units so that n+a at 160 pounds of a is 17.79
units, whose 1—R? value is 0.981. Similarly,
using values of » and u, as found on the P;0;
curve, 1—R?*? at 160 pounds b is 0.992. Thus,
the calculated yield at 160 pounds N and 160
pounds P,0; is y=M,(1—R**)(1—R?")=
125.6(0.981)(0.992) = 125.6(0.973) =122.2 bushels.
Yields for any combination are calculated in the
same way.

The calculated yields in table 2, which are
based on mathematically determined constants,
are almost identical to those estimated when
constants are determined by a graphic approxi-
mation to least squares, as illustrated earlier.
Values of the constants are slightly different be-
cause of the small inaccuracies inherent in the
graphic readings. Mathematical determination
of the constants on which the calculated yields 1n
table 2 are based were developed by the method
suggested by Stevens.” For purposes of table 2,
yields were calculated from accurately determined

? See footnote 6, p. 4. In his article, Stevens illus-
trates determination of standard errors of constants of the
exponential equation.



constants so that standard errors could be com-
puted.

The adequacy of the equation in describing
yield response in this experiment is indicated by
the multiple correlation coefficient of 0.9764. The
standard errors of M and A (increase in yield
attainable from use of fertilizer) on the N curve
are 3.80 and 8.55 bushels, respectively, under
the assumf)tion that departures from the curve
are normally distributecf); sg is 0.0746. On the
P,0; curve, sy is 4.75 bushels, s, is 11.69 bushels,
and sg is 0.1012. The standard error of estimate
of calculated yields for the 57 treatments included
in the experiment amounts to 10.43 bushels.

ECONOMIC COMBINATIONS OF NUTRIENTS

When 2 or more inputs are varied, each at differ-
ent levels of the others, the estimated most
profitable combination cannot be read simply
from a standard yield curve, as may be done for
only 1 variable. But with a calculating machine,
economic combinations at specified nutrient costs,
price of the crop required to render each combina-
tion most profitable, and other important deter-
minations can be made easily. These calculations
are based on values that have been determined
by graphic methods. The work of computing
& series of economic combinations and associated
crop prices is reduced to a clerical job, if organized
as successive steps to be performed by a calculating
machine operator.

Table 3 presents a method of calculating most
profitable combinations associated with different
prices of the crop, gross returns and returns above
cost of fertilizer, and reduction in returns from
adding more or less fertilizer than would be most
profitable. The method shown in table 3 also
Permits easy calculation of returns per dollar
spent for fertilizer for each of a series of additional
combinations of fertilizer applied. These returns,
shown on the last line of table 3, are additional
returns per dollar cost of the additional quantity
of fertilizer indicated. At precisely the most
profitable combination the added return per addi-
tional dollar is exactly $1.00. )

Item 1 in table 3 consists of a series of arbitrarily
selected rates of one of the nutrients, in this case

P;0;. At the indicated cost per pound of each
nutrient, the rate of N that would be most profit-
able to use with any rate of P,0, is derived.
Following this is derived the price per unit of the
crop required to render g particular combination
most profitable.

Two additional values 7’ and 7’ are introduced
at this point. These are the costs of the quanti-
ties (v) of N and P,0;, respectively, when B—=0.8.
For example, with N at $0.16 per pound, 7’ = $0.16
X9.47 pounds, or $1.52. Similarly, at $0.10 a
pound for P;0;, 7/=80.10X7.63 pounds, or
$0.763. In setting up the calculations, the cost
per pound of nutrient should include the esti-
mated cost of application. The derived price of
the crop should be interpreted as the price of the
crop as it stands in the field before harvest. Each
combination will then represent the one at which
the farmer will realize maximum profit from
fertilizer at the indicated crop price-fertilizer cost
relationship. Figure 5 shows the changes in the
most profitable combination over a wide range in
price of the crop. Data for figure 5 were prepared
as indicated in table 3, except that a wi(ﬁr range
In rates was used than is shown in that table.

In table 3, the combination 129 pounds N and
130 pounds P,O; is associated with a price of
$1.42 a bushel. This combination may then be
regarded as the most profitable one at that price
for conditions of the experiment.®

Effect of Applying More or Less Than Most
Profitable Rates.—The effect of applying lower or
higher rates than those most profitable for a
specified price are indicated in figure 6, which is
based on data from table 3. Here the price
specified is $1.42 a bushel, and the combination
most profitable at that price is 129 pounds of N
and 130 pounds of P,0s. But if the application
is only 81 pounds N and 90 pounds P,0;, with the
price for corn still $1.42, the return would be
$9.42 less per acre than if the combination most
profitable for that price had been applied. Differ-
ent combinations are indicated in figure 6. One of
these, 129 pounds of N and 130 pounds of P,0;, is

8 See Appendix for method of calculating economic
combinations of 3 nutrients, most profitable rate of 1
nutrient, and most profitable combination of 3 nutrients.

TaBLE 2—Calculated yields per acre of corn for different combinations of N and Py05 in a fertilizer rate experiment, Iowa, 1952 1

Pounds of N applied per acre

Pounds of P;0;5 applied per acre

80 120 160 200 240 280 320
Bushels | Bushels | Bushels | Bushels | Bushels | Bushels

12. 64 13,03 13.18 13.24 13.26 13.27
(87.12) 89.79 90. 83 (91. 23) (91. 38) 91. 44
(109. 70) 113. 06 (114.37) 114. 87 (115.07) 115.14
116. 55 120,12 (121.61)) (122.04) 122. 25 122.33
118, 62 122,25 123. 66 124,21 124, 42 124,51
(119. 25) 122, 90 124. 32 (124.87)| (125.08) 125. 16
(119.44) 123,00 §124, 51) 125.06 | (125.28) 125. 36
119. 49 123,15 124.58) (125.13) 125. 34 125, 42
119. 52 123,18 124. 60 125.15 125. 36 125. 45

he 160-pound
- Based o of response to N at the 160-pound level of P20s, and of response to P30s at t! 1
level of N, nYO&!]lgstaﬁlt:;gs ?n}t;nagg:l;gﬂnwaesngggetnéggﬁggtﬁggigﬂ;gluded li:’n the experiment. See the following bulletin for reported yields of this experiment:

EADY, E. 0., PESEK, J. T., and B

ROWN, W. G.
424 pp. 202-333, {lius, 1955, '

CROP RESPONSE SURFACES AND ECONOMIC OPTIMA IN FERTILIZER USE. lowa Agr. Expt. Sta. Res. RBul.
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TaBLE 3.—Steps in calculating economic combinations of N and_Py0s for corn at specified costs per pound of the m{tm'elnls, price
of the crop required to render each combination most profitable, yields and returns per acre at each combination

Values
Item and description or derivation
@ (¢)] 3 (¢)] 5 (6) (Y]
1. b, or applied P2Os_ - e 90 100 110 120 130 140 150
2. b'in uz%rgs [il:em2 lsdivided by uv; us equals 7.63 11. 80 13.11 14.42 15.73 17.04 ig 25 %g gg
3. p+b [item 2 plus soil content (p); p equals 050} ... -do....| 1230 13.61 14.92 18.23 17. 34 X 925 A
4. 1— Rv+b [read from standard yield curve or from table 9)_decimals._. .936 . 952 . 964 .973 .980 . 989
5. Ro+b [1.0 minus item 4] o oo do-__. . 064 .048 . 036 .027 .020 015 .0
6. (1—Rp+b) (Rr+b) [item 4 times item 5] ... 5. ti0 e i ).-.-do---. 05990 04570 . 03470 02627 . 01960 01477 01088
’ (1—R7+b) [/ P 10 cents) times u
T A R ol edasle ost per pound P40 (10 cents numbers..|  .71417 |  .72638 73553 74240 | 74774 75156 75461
. ' (Retd) [r' und N (16 cents) times ua (9.47
8.1 éfmd)s)gforegﬁg% (.x.)?'.;.l.)? .' .P.o. ........ (16 cents ) time n uJ;Jbers.. 00728 .07296 . 05472 04104 .03040 . 02280 01672
9. 1"’ (1—Ro+b)+1’ (Ro+b) [item 7 plus item 8] ... &_ﬁ&é(cllo-ﬁ" 81145 . 79934 . 79025 78344 . 77814 77436 77133
. (1—Rp+d 2+5)+ (/' (1—Rr+b)4-1/ (R2+d)) [item 6 di
10.a itgn 9)-.(.}?..-3.*.3.__(}_.5.-).'.". () litem 6 di dect. ky . 07382 .087% . 34331 . 8?% gg&})g 0(1]3%14 gﬁg
. Rnt ivided by item 9] oo do--.. . 11988 . 091 . 06! . . . .
g {e—n);n[l&e[‘?.osxggixsmiitenz iﬁm ] ...................... -do-... o 88012 1 23872 0 33076 5 %762 ” 22093 5 3(7)056 1 2
13. n+4-a [read from standard yield curve or from table 9] units. . . 51 . . 3 3 3 .
4. a n-l-[a minus 7, n equals 30'.91]-_...._....._.._.---...-.....4.i]do--_. 8.60 9.82 11.08 12.31 13. 62 14.89 16.26
3 b N ly (i 14 times %q, Or 9.
15. Most profitable rate of N to apply [item A nds..| 81 o 105 17 120 " 154
16. M; times item 10 [Mj3, or theoretical maximum yield, equals
f%ﬁ bu;he]s].-..( .-.2 e numbers. - 9. 2747 7.1828 5. 5169 4. 2127 3.1649 2. 3960 1.778
17. Ttem 16 times ~in0.8 [—In0.8 equals 0.22314] ______.___.___.__ do..-.. 2. 0696 1. 6028 1.2310 . . 7062 . 5346 . 3956
18. v, or value per unit of crop in field [1.0 divided tem 17]._dollars. .48 .62 .81 1.08 1.42 1.87 2.53
19. (1—Rp+b) (1— Rn+a) (item 4 timesitem 12] ... _____._.. decimals. - .84 . 865 . 897 .922 .942 . 956 . 968
20. y, or calculated yield [M; (or 125.64 bushels) times item 19]
bushels..{ 103.53 108. 63 112.70 115.84 118.35 120.11 121. 62
21. Grossreturn at $1.42 per bushel [item 20 times $1.42] ... dollars_.| 147.01 154. 33 160.03 164. 40 168.06 170. 56 172.70
22. Cost of fertilizer [item 2 times $0.763 plus item 14 times $1.520)
dollars.-. 22.07 24.93 27.81 30.71 33.70 36. 63 39.72
23. Return above cost of fertilizer [item 21 minus item 22)_..__.__ do-...| 124.94 129.40 132.22 133.78 134.36 133.93 132.98
24. Reduction in item 23 with corn at $1.42, at different rates..._.do. . 4.96 2.14 .58 .00 .43 1.38
25. Increase in gross return at additional combinations. .d 7.32 5.70 4.46 3.57 2.5 2.14
26. Cost of additional rates of fertilizer..._....._.._._._...._.._. 2.86 2.88 2.90 2.99 2.93 3.09
27. Changes in return per dollar cost of fertilizer, averag
0314 E20 3 10 S R 2.56 1.98 1.54 1.19 .85 .69

1 Based on data from—HEADY, E. O., PEsER, J. T., and BROWN, W. G. CROP RESPONSE SURFACES AND ECONOMIC OPTIMA IN FERTILIZER USE. Iowa Agr.

Expt. Sta. Res. Bul. 424, pp. 202-332, illus.

most profitable if corn is $1.42 a bushel. But, if 90
pounds of P;0; are to be used, the best rate of N
will be 81 pounds. Table 3 shows that the price
at which this lower combination would be most
profitable is only $0.48 a bushel.

Some verification of estimates in figure 6 may
be had by comparing yields at the specified
combinations with those reported at combina-
tions most nearly similar. For example, the
reported yields at 40 pounds of N and 40 pounds
of P;O; was 71 bushels, compared with 66 Eushels
calculated at 37 pounds of N and 50 pounds of
P;0;. Also, at 80 pounds each of N and P,0;, the
reported yield was 107 bushels compared with
calculated yields of 97 bushels at 70 pounds of N
and 80 pounds of P,0;, and 104 bushels at 81
pounds of N and 90 pounds of P,0;. Going back
to still lower rates, the calculated yield of 36
bushels at 17 pounds of N and 30 pounds of P,04
appears to be a reasonable estimate in view of the
28-bushel yield reported at 0 pounds of N and 40
po%.nﬁds Ofbe(l)f P

ect of Change in Price of Crop After Applica-
tion.—The effect of a change in ;ﬁ'icéf of thz;pcrop
from the price anticipated at the time of applica-
tion is indicated in figure 7. Here again, the price
expected is $1.42 a bushel, and the combination
applied is the one most profitable at that price.
Suppose the price falls to only $1.00 a bushel.
How much are returns per acre reduced as com-
pared with what they would have been if the com-
bination most profitable for $1.00 corn had been
applied? According to figure 7, the reduction in
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this instance would be only about $0.50 per acre.
Figure 7 indicates that only an extreme drop in
price would make any substantial difference in
returns from application of what is expected to be
the most profitable rate and application of the
rate that would have been most profitable for the
price actually received. The probability of reduc-
tion in returns from application of too much
fertilizer because of a dec]Ii)ne in price after applica-
tion apparently is a relatively minor risk.

But even if the price received is $1.42 a bushel,
there are other risks, and the farmer may not
choose to apply the rates calculated as most
profitable for that price. For example, the most
profitable combination at that price (129 pounds
N and 130 pounds P,0;) costs $5.89 more than the
one that would be most profitable for only $0.81
corn—105 pounds N and 110 pounds P,O; (table
3). If the crop is worth $1.42 at harvesttime, the
return from application of fertilizer at the lower
rates would be $2.14 per acre less than from
application at the higher rates indicated—the ones
most (i)roﬁta,ble at that price. But the natural
hazard may be so great that the better choice
would be to take the chance of losing the $2.14 if
everything goes right than to lose the additional
$5.89 if unfavorable weather or other damage were
to reduce the yield to that associated with the
lower rates, even though the higher rates are
applied.

These are the kinds of odds from which the
farmer must choose. The calculated most ];])roﬁt-
able rates provide starting points from which &



Most Profitable Combination

FERTILIZER FOR CORN

$ PER BU.
2.50

2.00
1.50

lrll!'llllllllll

1.00

EXAMPLE: AT 90¢ A BU, APPLY
109 LB. N AND 114 LB. P, 0, %

S0

Flllllll

o
H
o

U.S. DEPARTMENT OF AGRICULTURE

LB. APPLIED PER ACRE

% N AT 16¢ PER LB.; P2 O, AT 10¢ PER LB.

]
80 120 160

NEG. 55 (5)-973 AGRICULTURAL RESEARCH SERVICE

Figure 5.—Most profitable combination of N and P05 for corn at different prices per bushel.

farmer may estimate the rates he should apply,
based on knowledge of the most probable environ-
mental conditions. Some of tﬁe latter can be
controlled by his own actions. Use of good cul-
tural practices greatly increases the chances of
realizing anticipated returns from the calculated
most profitable rates.

MINIMUM COST NUTRIENT COMBINATIONS FOR A
SPECIFIED YIELD

The idea that different combinations of nutrients
may be applied to obtain a specified yield implies
possibilities of substitution. Physiologically, one
nutrient does not substitute for another in the
plant. At least, a minimum quantity of each
nutrient is required for healthy balanced growth.
The plant may draw more heavily on the soil
supply of a nutrient if the applied portion of that
nutrient is inadequate to provide the physiological
balance needed for the yield obtained. Thus,
under certain nutrient-cost relationships, it may
Py to “mine” the soil in the short run in order to
obtain maximum returns. This might mean that
later on the response to application of the depleted

nutrient would become so great that, even though
its cost ger unit were still relatively high, more of
it should be added to obtain a specified yield at
minimum cost.

In deciding whether there are possibilities for
profitable substitution between applied nutrients
in obtaining a specified yield, it is necessary to
know: (1) Different combinations of applied nutri-
ents at which the specified yield would be obtained
(equal product combinations) and (2) the relation-
ship between the costs per unit of the nutrients
that would be necessary in order to make each of
these equal product combinations most profitable.

The answer to the second problem will indicate
the marginal rate of substitution of one applied
nutrient for another. Thus, the most profitable
combination was calculated with N at $0.16 and
P,0; at $0.10 a pound. The ratio of the cost of
N to the cost of P;O;is 1.6 to 1.0. Therefore, in
obtaining the yield at the most profitable combina-
tion for the conditions stated, 1 pound of applied
P,O; substitutes for 1.6 pounds of applied N; or 1
pound of applied N substitutes for 0.625 pound of
applied P,05 (1.0/1.6). If the nutrient cost ratio
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EFFECT ON RETURN
By Too Little or Too Much Fertilizer
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NEG. 55 (5)-974

Figure 6.—Effect on return from corn by too little or too much fertilizer.

should change substantially and if it is possible
to obtain the specified yield at different combina-
tions of nutrients, it would be worthwhile to know
the marginal rates of substitution over a consid-
erable range of such combinations. The relevant
range would be just broad enough to include
nutrient cost ratios that are at all probable. For
example, it might be possible to obtain the speci-
fied yield at a combination that would be most
profitable only if N cost 10 or more times as much
per pound as P;O;. Obviously, such a cost rela-
tionship is not probable.

Determination of the marginal rate of substitu-
tion is illustrated here by referring to the yield at
the most profitable combination for the estimated
current price. The estimated current price is
$1.42 and the yield at the combination most
profitable at that price is 118.35 bushels (item 20,
col. 5, table 3). The theoretical maximum yield
(M,;) was found to be 125.64 bushels. Then
y=+~M,=118.35+125.64=0.942 (item 19, col. 5,
table 3). Equal product combinations are de-
termined as:

(y+M;)+(1—R™)=1—R?+: or,
(y=DM,)+—(1—Rrtty=1— Rrte

12

At the most profitable combination, 1—R* is
0.96093 (item 12, col. 5, table 3). Then at the
rate of b required for the specified yield, 1—R?*
is 0.942-+-0.96093, or 0.980. Item 4, column 5, -
table 3, shows that this is the 1—R* value asso-
ciated with 130 pounds of P,O;, from which, at the
stated nutrient costs, is calculated the rate of N
(129 pounds) that would be most profitable to
use with that rate of P,O;. When 1—R?* is
0.980, p+b equals 17.54 units. As u, is 7.63
pounds, b (applied P,0;) amounts to 130 pounds.

The discussion above illustrates calculation of
equal product combinations of two independent
variables, starting with a specified rate of one of
them. The marginal rate of substitution (MRS)
at each equal product combination is calculated as:

p+d 1 Rnta
MRS in units=10 2. 1= 70

Substituting in the equation the values for the
most profitable combination when corn is $1.42
(col. 5, table 3):

0.020 0.961__0.01922

0.039 0.980 0.03822

=0.50288 unit of N, which



EFFECT ON RETURN
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Figure 7.—Effect on return by changes in price of corn after fertilizer is applied.

substitutes for 1 unit of P,O;.
pounds is (0.50288) (u,—~+-u;). As u,is 9.47 pounds
and u, is 7.63 pounds, w,~+u, is 1.24115. The
marginal rate of substitution in pounds is
(0.50288) (1.24115). When allowance is made for
rounding figures in the computations, this calcula-
tion reflects a substitution of 1 pound of N for
0.625 pound of P,O;. This was pointed out earlier
as the ratio of the cost per pound of P;0s to the
cost per pound of N (0.10-=-0.16).

Using the rate of N shown in column 4, table 3,
as the starting point (117 pounds), the associated
rate of P,0; required to produce the yield of 118.35
bushels would be 172 pounds. At ‘this combina-
tion, the marginal rate of substitution of N for
P,0; is about 0.13 pound. Thus, the cost per
pound of P,0; Woulc{) need to be only 13 percent
that of N in order to justify this combination for
the specified yield. This is not a probable rela-
tionship.

Repeating the same calculations, but using 154
pounds of N as the starting point (col. 7, table 3),
109 pounds of P,0; are required to produce the
Specified yield. Here, the marginal rate of substi-

Then, MRS in

tution is 2.16 pounds of N per pound of P,0,—
meaning that the cost per pound of P,Os would
need to be 2.16 times that of N in order to justify
use of this combination in producing the yield
specified.

Based on this experiment, there is only a narrow
range within which substitution of 1 nutrient for
the other would be economically feasible. Both
combinations indicated in the 2 preceding para-
graphs are outside that range, as the nutrient-cost
ratio associated with either of them is highly
improbable. However, many farmers may tend
to apply nutrients in relation to their cost per
unit without recognizing that the relative rates
of response are also important. For example, the
average cost of a mixture of 117 pounds of N and
172 pounds of P,O; is about half a cent less per
pound than the average cost of 129 pounds of N
and 130 pounds of P,0;. But the latter is_the
most profitable combination for the specified
price-cost relationship. Both these combinations
are calculated to result in the same yield. But at
the nutrient-cost ratio used in these calculations,
to obtain the same yield the farmer would pay

13



$2.28 more per acre by using the combination
that had the lower weighted average cost per
pound. Calculation of equal product combina-
tions may be useful in emphasizing this point.

EXPONENTIAL AND QUADRATIC
SQUARE-ROOT EQUATIONS
COMPARED

The method described earlier and used in the
preceding illustration was applied to two other
experiments having the same design and the same
rates of application. These involved use of P,O;
and K,O as independent variables, one on alfalfa
and one on red clover.” Certain results from use
of the exponential and a quadratic square-root
equation are compared and presented in tables
4 and 5. For the exponential function, the sum
of squares explained by regression is based on
constants derived for each nutrient in the presence
of an application of 160 pounds of the other;
except that for the red clover experiment constants
for the K,O curve were developed when P,O; was
held at the 80-pound level; and for the alfalfa
experiment, constants for the K,O curve were
developed when P,O; was held at the 120-pound
level. A better fit was obtained for the K;O curve
in each of these two experiments when P,O; was
held constant at the above indicated levels.

TasLe 4.—Comparison in sums of squared residuals
explained by exponential and gquadratic square-root equa-
tions, as applied to three 9 X9 partial factorial experiments

Sums‘gt squared Cosfficl .
residuals ex- oefficients of cor-
s&lﬁ?&f plained by Tre- relation
Experiment residuals |  Eression
? et
rea .
ments Expo- Quadratic, Expo- Quadratic
nential ! s&%:r’e nential ! srrg;zérze
A m— | ) e om) oo
Red clover............| 13.66 9.60 | 1L52| 842 10184

1 Based on constants derived from 17 of the 57 trestment combinations;
that is, no convenient simultaneous solution is as yet available for this equa-
tion. The sums of squared residuals are computed for all 57 reported treat-
Y Stants imulanen

ased on constants simultaneously derived, using reported yi
all 57 treatment combinations. & repo vields for

Measures of Fit

The quadratic square-root equation produces 1
a curve that turns down more slowly than the
parabola. The parabola is not discussed here.

® HeapY, E. O., PusEg, J. T., and Brown, W. G. crop
RESPONSE SURFACES AND ECONOMIC OPTIMA IN FERTILIZER
usE. Jowa Agr. Expt. Sta. Res. Bul. 424, pp. 292-332
illus.  1955. '

10 Heapy, E. O, and PesEx, J. A FERTILIZER PRODUGC-
TION SURFACE WITH SPECIFICATION OF ECONOMIC OPTIMA
FOR CORN GROWN ON CALCAREOUS IDA SILT LOAM. Jour
Farm Econ. 36: 466-482, illus. 1954,

The quadratic square-root equation where N and P,Oq
are the independent variables is written as:

y=a+bN+b,P+b:VN +by/P+b,/NP
14

But, in contrast to the exponential function,
which approaches, though theoretically does not
reach, the calculated maximum, the quadratic
square-root equation provides for calculating
reduced yields as more fertilizer is added. If there
is merit in being able to calculate reduced yields
after the maximum attainable from fertilizer has
been reached, the quadratic square-root equation
or the parabola would have an advantage over
the exponential function. As none of the equa-
tions mentioned provides for a phase of increasing
increments (sigmoid section), none would appear
to have an advantage when fitting to reported
yields that may sometimes follow that pattern
at low rates of application.

Comparison of the distribution in the deviations
of reported yields from those calculated by the
two equations is shown in tables 5 and 6. As
indicators of reliability of results for use in
recommending rates of application, deviations
assume importance primarily around the central
section of the surface. On soils that are mate-
rially deficient in either nutrient, it is imprac-
ticable to apply the other unless the level of the
deficient nutrient has been raised substantially.
If fertilizer is to be used at all, in nearly all cases
applications should be made until yields will
somewhat exceed those on the steepest part of
the curve. This is true because of the sub-

- stantial returns obtained at applications coin-

cident with the steeper parts of the response
curve,

Some farmers have only limited funds. They
may, therefore, wish to apply less than calculated
most profitable rates. so, there are possi-
bilities of profitable substitution, in the short run,
of applied portions of one nutrient for applied
portions of another. However, as pointed out
earlier, the range within which it would be
profitable to substitute one nutrient for another
is limited. This is especially true when the soil
content of the nutrient for which a substitution
is considered is below the level at which the
curve of response to it would begin noticeably to
flatten. For this reason, departures from reported
yields on the steeper part of the curve do not
detract from the validity of recommendations
based on a good fit over that part of the curve
within which recommendations would fall.

Furthermore, for situations in which the fertility
level is such that even the first few yield incre-
ments from added fertilizer are quite small, farm-
ers with limited funds ordinarily will use the funds
for items other than fertilizer. Therefore, gener-
ally speaking, what happens at the “fringe”’ of
the production surface is of relatively little im-
portance. The rate of response far to the left
on the curve is often too great to justify limiting
applications to that range, even for farmers with
limited funds. Far to the right, as the calculated
most_profitable rate is approached, the response
to additional units is so small that risk factors
outweigh the possible gains from further incre-



TABLE 5.—Sums of squared deviations of reported yields in 3 factorial experiments from those calculated, using different

equations
For regression of—
N on P:0s P;0; on K30 P;0s0n N K320 on P30s
Level of fixed nutrient
(pounds) Corn Alfalfa Red clover Corn Alfalfa Red clover
Expo- Quad- Expo- Quad- Expo- Quad- Expo- Quad- . Quad- uad-
nentiial saﬁge nential s&?lt;ge nenlt)(al sa?xfgge nential saslﬁ(r:e xfa;%ioal ratic :Exﬁ%qa.l Qratic
equation | *70 R | equation | “1IHC | equation | 530N | equation | ST0ET® | equation sgggtre equation s%gg{e
549 1,141 1.9249 0.5138 0.5262 0.1711 950 970 0. 9802 0. 5559 1
514 239 L3121 . 2313 1703 1263 1,230 948 . 2578 . 2307 0: lgég 0: i[l);i
531 522 0271 .1 . 1130 0594 245 208 . 1668 . 0885 .0762 .0971
670 254 2455 L3011 . 1358 . 1370 464 687 . 0505 L1127 . 3014 .3885
409 619 0739 . 0958 . 0884 . 0915 738 641 3277 . 1385 . 4558 . 1965
850 806 . 1189 .1710 L1171 . 0512 560 618 .3983 . 2096 . 1042 0490
460 317 . 1680 . 0958 . 1372 . 0669 153 356 . 4553 L1192 . 2785 1073
317 592 . 1240 . 0877 . 2528 . 3852 215 236 . 2327 . 2244 0523 . 0496
1,142 995 . 2710 . 1882 . 4418 .3141 887 821 . 4061 . 0948 4132 . 2058
5,442 5, 485 3. 2654 1.7743 1. 9816 1. 4025 5, 442 5,485 3. 2654 1. 7743 1.9818 1. 4025

TaBLE 6.—Sums of squared deviations of reported yields in 3 factorial experiments from yields calculated at all levels of each
of the two nutrients except 0 and 320 pounds, using different equations

For regression of—
N on P30s P20s on K20 P:050n N K30 on P305
Level o(i;)g‘xleh%sz)mtrient Corn Alfalfa Red clover Corn Alfalfa Red clover
napo. | %80 | mope | Q0 | mope | 0 | mape | Q| mge | Q0 | o | Qe
nential | (U0 | mential | (GRC | mential | (ER | mential | (OO0, | mential square | Dential | (EER
equation Toot equation Toot equation Toot equation root equation root equation root

40 eee 236 217 0.1618 0. 2018 0.0731 0.0788 469 545 0.1592 0.1789 0. 0059 0.0300
80. —— 412 404 . 0253 . 0650 1119 . 0544 113 139 .1201 .0796 . 0559 . 0295
120 R 218 65 . 2180 . 2507 L1137 L1202 234 393 . 0333 . 0495 . 2643 . 3197
160. - 387 450 .0731 . 0522 . 0619 0378 733 458 . 0919 .1075 . 2083 L1110
200, e 682 779 . 1085 . 1039 .0325 0162 478 427 . 1262 . 1433 . 0031 . 0431
240 - 125 185 .1236 . 0887 .0271 . 0198 82 317 . 0408 . 0548 . 0767 . 0526
280. 236 266 .0357 . 0463 .2224 . 2968 187 87 L1745 . 1950 .0284 . 0381
Total. oo 2, 296 2,366 . 7460 . 8086 . 6426 . 6240 2,296 2,366 . 7460 . 8086 . 6426 . 6240

ments in yield, even though a farmer may have
unlimited funds. Thus, the principal function of a
yield equation is to estimate most profitable rates
and combinations of the different independent
variables. To do this efficiently requires an ade-
quate number of rates in the portion of greatest
curvature and in the area of the maximum yield.
Other practical factors, such as knowledge of
probabilities of different types of risk and esti-
mates of relative returns from different inputs that
may compete for the farmer’s dollar, are taken
into account in deciding how much to apply.

_Some further statistics that bear on this discus-
sion are presented in table 6. This table shows
deviations from regression if deviations at the
0- and the 320-pound rates of both nutrients in
each case are omitted. Good experimental pro-
cedure requires the use of rates somewhat higher
than are expected to result in further increases
in yield if one is to be certain that practical maxi-
Ium response has been attained for the conditions.
It is also necessary that rates be carried to such
levels to insure reliability of constants used in the

prediction equations, whether graphic or more
precise methods are used.

Results, as applied to the three experiments
noted here, are particularly useful in bringing out
the point that considerable segments of the curve
(the steep and the flat portions) are outside the
range of rate of application that would be recom-
mended. The soil content of two of the nutrients
included in each case—N and P,Os—was extremely
low, so that yields at low applications fell on steep
sections of the response curve. Also, the higher
rates applied resulted in little or no further increase
in yields. Possibly other limiting factors were
present, in the absence of which response would
have been obtained at even higher rates than
were used. )

Referring back to table 4, the coefficients of
correlation were the same for both equations In
the corn experiment, but they were higher for
the quadratic square-root equation as applied to
the alfalfa and red clover experiments. These
coefficients are based on deviation explained by
regression over the complete surface. But table
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6 shows that if attention is centered only on the
parts of the surface that include rates which
would ordinarily be recommended, coefficients of
correlation would be slightly higher for the expo-
nential equation for the corn and the alfalfa
experiments. For the red clover experiment the
quadratic square-root equation would have a
slight advantage. )

Even when the quadratic square-root equation
is used, more than half (54 to 57 percent) of all
deviations from regression in the 3 experiments
are accounted for by deviations at the Jowest and
the highest rates of both nutrients applied in the
experiment. These deviations are those around
the fringe of the production surface. Using the
exponential function, 58 percent of the deviation
from regression occurred in this fringe area for
the corn experiment, 68 percent for the red clover
experiment, and 77 percent for the alfalfa experi-
ment. The quadratic square-root equation ap-
pears to fit the fringe areas better than the expo-
nential function as applied to the alfalfa and the
red clover experiments. But the rest of the sur-
face for the corn and alfalfa experiments was a
little better fitted by the exponential function.
Deviations from regression in the red clover exper-
iment were slightly smaller for the rest of the
surface when the quadratic square-root equation
was used. Table 6 shows that when deviations
from regression for the portions of the surface
outside the range of recommendations are de-
ducted, there is no appreciable difference in the
fit obtained through use of the 2 equations as
applied to these 3 experiments.

Most Profitable Rates and Confidence Limits

Differences in most profitable rates as calcu-
lated, using the 2 equatioos, are shown in table
7 for the 3 experiments. The differences are not
important for the purpose of using the results as
a basis for recommendations. Differences in

yields are small, even thouﬁh there are substantial
differences in most profitable rates resulting from
use of the 2 equations. For the alfalfa and clover
experiments the differences in returns per acre
above cost of fertilizer are negligible. For the
corn experiment, the difference is about $6.00
per acre, which may be regarded as small when
viewed in the light of probabilities of variation
in yield because of weather and other risks. Also,
this difference is only half the value of 1 standard
error in yield at the most profitable rate, as cal-
culated from the quadratic square-root equation.

The unimportance of the differences in results
obtained with the 2 equations is further brought
out by comparing yields and returns per acre in
table 7 with those of table 8. For purposes of
table 8, the most profitable rates derived from
using each equation are substituted in the for-
mula of the other. Comparison of the 2 tables
shows that the differences in results are too small
to affect any decisions the farmer might make.
The greatest difference in return above cost of
fertilizer occurs in the corn experiment—$128.30
in table 7 versus $140.59 in table 8. However,
this difference is approximately the same as the
value of 1 standard error in yield at the most
profitable rate.

Confidence limits in yield at the most profitable
combination have not been calculated for the ex-
ponential equation because of lack of a convenient
method for simultaneous solution of values of the
constants. Comparison of the residual sums of
squares for the whole surface and for the more rele-
vant part of the surface was presented -earlier.
For the quadratic square-root equation at the 67-
percent level of probability, confidence limits in
yields at the most profitable rates in the three ex-
periments are 3 8.60 bushels of corn, 3-0.184 ton of
alfalfa, and 0.077 ton of red clover. In terms of
dollar returns per acre above cost of fertilizer, these
limits are +$12.21 for corn, $2.76 for alfalfa, and
$1.16 for red clover. Only in the case of the corn

TaBLe 7.—Comparison of most profitable combinations of plant nutrients, yields at these combinations, and returns above cost
of fertilizer, as calculated by 2 equations applied to three 9X 9 partial factorial experiments

Experiment
Item Corn Alfalfa Red clover

Exponential | Quadratic | p. tia] | Quadratic Quadratic

square root ponen square root | EXponential | sqyare root
129 160 | oo oo
130 173 50 51 40 %
____________________________ 56 |, 23 11 b
Total nutrients ... do..._. 259 333 106 74 51 100

Yield.... - bu. or tons 118.35

. 3 120. g
srai]cl:se%%rcunit og c;op .......... dollars. - 1.42 (1) ig lg: (!}g lg: gg lg'. gg 1%33
Calue Of CTOP DA 8CT0. ... - ooeoooemo oo ooeooccoces e oee o gg---- lgg 06 171.20 47.66 6. 20 45.30 50.70
Returns per acre above cost of fertilizer. ______________T777777q0 7T 134, 23 1%38 3328 38% 4322 4883

t N not a variable in alfalfa and red clover experim N
# K20 not a variable in corn experiment, Pertments
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experiment is the confidence limit possibly greater
than the margin of error in attempting to apply
the most profitable rate under farm conditions.
Were methods available to calculate comparable
confidence limits associated with use of the two-
variable form of the exponential equation, they

might be expected to be of about the same order
of magnitude as those indicated above. This ex-
pectation is based on comparison of residual sums
of squares for the entire production surface and
for that remaining after eliminating from consider-
ation a part of it that is of no practical importance.

TaABLE 8.—Yields and returns per acre, if calculated by substituting most profitable rates derived from each equation into the
Jormula of the other

Substituting most profitable rates derlved—
Item From quadratic square-root equation From exponential equation into quadratic
©! into exponential formula square-root formula
Corn Alfalfa Red clover Corn Alfalfa Red clover

Yield-... 122.57 2.99 3.20 122.70 3.16 3.18
L YR 174. 85 4%. Bg 43 gg lgg. a 4;. gg 41. ‘75%

Cost of fertilizer. 42.90 . 4 X 2 X X
Return per acre above cost of fertilizer__. 131.15 38.37 38.20 140. 59 39,04 43.04
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APPENDIX

Calculation of Most Profitable Rate of
One Nutrient

On page 9, reference was made to calculation of
the most profitable rate of one nutrient rather than
estimation directly from the curve, as shown in
figure 4. The graphic method requires that small
units of application, such as 10 pounds, be indi-
cated on the base scale of the overlay sheet so that
increments in yield can be estimated visually from
the curve. Small units of application and corre-
sponding small increments in yield are necessary
if the graphic estimate of the most profitable rate
is to be close to the accurately calculated rate.
Those familiar with use of a machine may find it
easier to calculate the most profitable rate after
fitting the curve by graphic methods.

A simple way of doing this involves use of a
factor ), which is calculated as 4.48142—-»M when
448142 is a constant for this computation, v is
the price per unit of the crop before harvest, and
M is the theoretical maximum yield. Referring to
figure 3, M is 126.4 bushels and on figure 4, v is
$1.40. Thus: 0=h4.48142+1.40(126.4)=0.02532

then

Qr'=0.02532(1.52)=0.03849=
R and

1—R"%=(.96151 at the most
profitable rate, thus,

n-+a=14.60 units (from table of
1— R* values), and as

7=0.90 unit (from fig. 3 or by
optional method described)

¢=13.70 units or

¢=129.7 pounds (¢ in units times
U,, or 9.47)

y=M(1— R*%)=126.4(0.96151) =
121.5 bushels

This rate, 129.7 pounds, and this yield, 121.5
bushels, are substantially the same as the graphic
estimates shown in figure 3.

Calculation of Economic Combinations of Three
Nutrients

The most economic combinations of N, P;0;,
and K,O at specified costs per pound of the nutri-
ents, prices of the crop required to render each
combination most profitable, and yields and
returns at each combination, are calculated as
illustrated in table 3 (p. 10), in which only two

1 1

1 = =
4.48142= G2531d = (Zin0.S)
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nutrients were involved. The method of handling
the clerical steps after graphically fitting the
curves is outlined in form 1 (see p. 19). This
form is self-explanatory, as all terms used have
been defined and illustrated.

Calculation of the Most Profitable Combination
of Nutrients

Table 3 of the text and form 1 illustrate cal-
culation of a series of combinations of 2 or of 3
nutrients, respectively, that would be most
economical when their costs have been specified.
With this method, the price of the crop at which
each of these combinations would be most profit-
able is derived.

If only the combination is used that would be
most profitable when both cost of fertilizer and
price of the crop are specified, steps in the cal-
culation are different. Form 2 (p. 19) shows these
steps when 2 nutrients are involved; form 3
(p. 19) when all 3 nutrients are variables.

Form 3 represents a short-cut method of cal-
culating the most profitable combination of 3
nutrients that produces results generally accurate
enough for practical purposes. Exact determina-
tion of the most profitable combination involves
an iterative technique that is avoided in the
method presented here.

When 3 nutrients are involved, experience
indicates that if the value of p-b, item 25, form 3,
turns out to be lower than 10 to 14 units, the
answers obtained may contain enough error to
make a practical difference. However, a test of
this is readily made by calculating a factor T as

(Ttem 23) (Item 24) (Item 28)
(Item 31) (Item 32)

If T is found to differ from @ by no more than
about 0.0005, the calculated most profitable
combination will be substantially correct.

If a second trial is necessary, a value may be
substituted for p+4b that is about the same
percentage above or below the first value found
as the percentage by which T exceeds or is smaller
than . When a new value is substituted for
p+b, item 25, form 3, a new associated value for
item 24 is read from a table of 1-R® values.
Then 1.0 minus this new 1-R?*® value, item 24,
will result in a new value for item 23, which is
R*** No adjustments need to be made back of
this point. The test may then be repeated if
rzl‘fge(s)%%%y to render 7—@Q no greater than about




Forms

ForM 1.—Steps in calculating economic combinations of N, Form 2.—Most profitable combination of 2 nutrients (N and
P30s, and K,0 ai specified costs per pound of the nutrients, 205)
prices of the crop required to render each combination most
profitable, and yields and returns at each combination Crop. Unit of yield
Ttem and description or dertvation wle|e| e Source of data
»=3§ M ;= Q=4.48142~-vM;, or.
1. b, 0orapplied PyOs__________.________ pounds__|._____[ . __.f_____|.____. , .
2. blgouu.glg:][item 1 divided by us; %3 eq als r’=cost per pound of N times u,, or $
............................. T R DR SO I
3. p+b [item 2 plus (p); p equals | do... | .| .. |.- = i
4. 1—R»*b[read from standard yield curve or from r cost per pound of P;0s times Us, OT 8 -
table 9]__________________ T . decimals__|______|______|._____|.___..
8. Ro+b (1.0 minus item 4]._________ . [« T O RN DS A N
6. ' (R7+Y) [r/ equals cost per pound N (__cents)
times uq (,_Pou.nds), or$_] ____ numbers.|..__..{______|_____|..___. Item Value
7. v (1~R#+%) [r"” equals cost per pound P3;0s
cents) times wu, (_pounds), or
......... --numbers.. L Qe
8. Item 6 plus item _.do 2 QLTI
9. Rnta [item 6 divide ecimals 3. Item 1 plusitem 2
10. 1—Rr+e [1.0 minus item 9]..___________ do. 4. —1.0 plusitem 3 with changedsign...___._ - __ - TTTTTTTThgtTTTmCn
11. n+-a [read from standard yield curve or from 5. One-halfofitem41__._______
table @] .________________ - eeunits. (ool 6. ItemSsquared ... ___________ I _TTTTTTTTTTTTTTTTT
12. ¢ [item 11 minus n; n equals __]_______ do_ .| |_oo_|oosoIlttT 7. Item 6 minusitem1. .
13. Most profitable rate of N to apply [item 12 8. Squarerootofitem7..______.
times uq; %4 equals _pounds] ..... pounds..|______{ ____|._____|...... 9. Rot3[item 5 minus item 8]
14, 1”7 (R7+8) [ times Tem & r*’ equals ] 10. 1—Rv+b (1.0 minus item 9] ...
numbers. 11. g+b [from standard curve or from table9]..___________ZTTTTTTTTTTTTTTTTTT
16. Item 7 plusitem 14____.___.___________ do._. 12. bin units [item 11 minus p; p equals ]
16. R¥+e¢ [item 14 divided by item 15]..decimals. 13. bin pounds [item 12 times uy; usequals ). ... | ..__
17. 1—R¥+¢ (1.0 minus item 16]____________ do.._. 14, Rnta[item 2 divided byitem 10} 1. __.________
18. k+-¢ [read from standard yield curve or fro 15, 1—Rr*e[1.0minusitem 14] ... .._.._.__
table 9] ... o . units. _|_____ 16. m+-a [from standard curve or from table 9]
19. ¢ [item 18 minus k; k equals _J.______. do._ |- _|oooT)it 17. ain units [item 16 minus 7, nequals_____]
20. Most profitable rate of K30 to apply [item 19 18. ain pounds [item 17 times wa; wsequals—
times u.; u. equals _pounds].____ pounds._ || .l _____|..__..
21. (Item 4) (item 5) (item 7) divided by (item 8)
[110 e v T 51 T6 i 575 v R S L CE T than item 1, 1t means that a lution is not possible by
. o [1. item 21 (0.22314) (M3); M; m 6 is smaller than item 1, it means soluti
uals _ J.___ z _________ S_ ——- _)_ _(_ dz)lla : this shorteut method and the method of table 3 is suggested.

eq
23. y [ M (item 4) (item 10) (item 17)
24. Gross returns [item 23 times price] 1._dolars._|-.....|-..... | --|.277
25. Cost of fertilizer [’ (item 12) plus r”’ (item 2)
plus 7" (item 19)].______ ________. dollars._. | oo |oeoe]eao e

1 It may be desirable to calculate the gross return for each combination at the
current price rather than at », which is the price required to render a com-
bination the most profitable one. 9, item 22, is different for each combina-

Remaining steps as desired may be calculated in same way as items

3t0 27, table 3.
Form 3.—DMost profitable combination of 3 nutrients (N, P,0s, and K,0)
Area Crop Unit of yield Source of data.
v=§ M;= Q=4.48142-+9M,, or.
Item Value Item Value

1. —=2.0r" [r" equals $___}
2.7/—r" [r"equals $___]__.
3.7/ —r/" [ equals §__ ]
64' r” squared...___

22. Square root of item 21.
23, Item 19 minus item 22
24, 1.0 minus item 23_
25. g+b {from table 9]

[item 25 minus p;
.- 27. %tem gg zj.mes u lus equals
7. Item 5 plus item 6. 28. Item 24 times T eeeees
£ Y e 6 S0 1om 33 times 17~

- avem 7 times Q.. 31. Item 28 plusitem29. ___.__._______ -
ﬁ) {ttgg g gﬁﬁ: 3 """"""""""" 32, Item 28 plusitem 30 ... _..._..._. -
12. v minus ftem 10> 211ITIIIIIIIIIIIIIII I II 33. Ttem 29 divided by item 31.-__22_ -
13. Item 1 minus item 11 .. ... T 34, 1.0 minus item 33.___......_..... -

14, ivi O 35. n+-a [from table 9] ____._______.
15. :I[ttgg %g g;vv;g:g g; :" ------- 36. @ [item 35 minus 7; » equals ] ___.___

""""""" 37. Item 36 times uq [144 equals — . pounds]- -
17 Tiom Joaaed B T S 35 Ttom 30 divided by 46 33— —rooesrs :
18. Ttem 16 divided by item 14__________ 17 TT1TTTIITIIIIITIIINE ig ’1‘_?_ ﬁ}?:r; xttgﬁfgl- ------------- -
20, Tjom 17 divided by 2.0 {drop minds signl....—.—-...._..- b e b ¥ oquals — 97T :
21 Ttem 18 plos toes 30T 42 Ttorn 41 times us o 6quAlS — PouAds).. .- ooooio o | 1T

! If item 21 is negative, it means that a solution is not possible by this method and the method of form 1 is suggested.

19



Values of 1—R*

TaBLE 9.—Values of 1 —R* when R=0.8

(All values are decimal fractions)

20

z 0 1 2 3 4 5 6 7 8 9
0.00 | ooooo. 000223 | 000446 | 000009 | 000892 | 001125 | 001338 | 00156l | 001784 | 002006
0l |77003220'| 002452 | 002674 | 002897 | 003119 | 003342 | 003564 | 003786 | 004009 | 004231
02 | 004453 | 004675 | 004897 | 005119 | 005341 | 005563 | 005785 | 000007 | 006228 | 006450
03 | 006672 | 006394 | 00715 | 007337 | 007558 | 007780 | 008001 | 008222 | 008444 | 008665
04| 008886 | 009107 | 009328 | 009549 | 009770 | 009991 | 010212 | 010433 | 010654 | 010874
05| 011095 | 011315 | 011536 | 01757 | 011977 | 012198 | 012418 | 012639 | 012859 | 013079
06| 013209 | 013519 | 013740 | 013960 | 014180 | 014400 | 014620 | 014830 | 015059 | 015279
07 | 015499 | 015718 | 015933 | 016158 | 016377 | 016597 | 016816 | 017035 | 017254 | 017474
G mE) uR) dm uR) U O 0E) G
1194 [ 021412 | 021631 | 021849
P gonl | ol mm ) ame) ol el o) gm ) o
5 025335 | 025553 | 025770 | 025087 | 026205
12 | 026422 | 026630 | 02685 | 027073 | 027200 | 027508 | 027725 | 027942 | 028158 | 028375
13| 028502 | 028800 | 029026 | 029242 | 020450 | 020675 | 029892 | (030108 | 030325 | 030541
14| 030757 | 030974 | 031190 | 031406 | 031622 | 031838 | 032054 | 032270 | 032486 | 032702
15| 032018 | 033133 | 033340 | 033565 | 033780 | 033996 | 034212 | (034427 | 034642 | 034858
16| 035073 | 035288 | 035504 | 035719 | 035934 | 036149 | 036364 | 036579 | 036794 | 037009
17| 037224 | 037439 | 037654 | 037868 | 038083 | 038208 | 038512 | 038726 | 038941 | 039156
18 | 039370 | 030584 | 030790 | 040013 | 040227 | 040441 | (040655 | 040869 | 041083 | 041207
19| 041511 | 041725 | 041030 | 042153 | 042366 | 042580 | 042794 | 043007 | 043220 | 043434
20| 0a3bds | OMOL| 007e | S | 0us0l | 0TI | OuERT | 0asla0 | 043s3 | odsed
046843 | 047055 | 047263 | 047481 | 047704
22| 047006 | 043119 | 048331 | 08543 | 046755 | 048068 | 40180 | 0doa0n | odveod |  o4pans
23| 050028 | 050240 | 050452 | 050864 | 050876 | 051088 | 051298 | 051511 | 051723 | 051934
24| 052145 | 052357 | 052560 | 052780 | 052091 | 053203 | 053414 | 053625 | 053836 | 04047
2| 054288 | 054460 | 054680 | 034891 | 055102 | OS3I3 | O%os24 | 035735 | 035945 | 05616
2| 06366 | 06577 | 056787 | 056998 | 057208 | 057410 | 057620 | 057839 | 058049 | 038260
B BD B B R B BE SR oS e o
: 616 | 061825 | 062035 | 062244 2453
20 | 062662 | 062872 | 063081 200 | O634%s | 063707 | 063016 | 061125 | 004334 |  Onioes
30 | 064752 | 064960 | 065169 | 065377 | 065586 | 065794 | 066003 | 066
: 211 | 066420
S1| Ooe8d6 | 06704 | 067253 | OG7d6l | OG7Go | O6TT7 | 0GB0S5 | 068263 | 088500 Ocags
82| OGole | 069124 | 066332 | 069540 | Q09747 | 069954 | 07016z | 070360 | 070577 | 070784
83| 070902 | 071199 | 071406 | 071613 | 071820 | 072027 | 072234 | 072441 | 072648 | 072885
84| 073062 | 073260 | 073476 | 073683 | 073889 | 074096 | 078302 | 074500 | O74TLs | o74921
85\ Omsio8 | 075335 | 0755l O7szar | 075953 | O76I60 | 076366 | O7esyz | 076778 | o7essd
30| Q| omee| ooz | o707 | O7e0s | ovmals | 07snd | 07SG0 | 078sds | 07a0a1
; 080273 | 080478 | (080684
S| O8lmo | o8Lo04 | 08700 | OSION4 | Omanlo | osus | Gsasos | OS2 Ogsosy | 03ias
S51| 083756 | 033960 | 084165 | 084369 | 084573 | 084777 | 084982 | 085186
40| 085390 | 085504 | 085798 | 036002 | 086206 | 086410
086613 | 08681
4l | me e e GBS S S RS S 5
43| 091492 | 091695 | 09198 | 092100 | 092303 | 00 009010 | Oguts | ooane
2505 | 002708 | 002910 | 093113 | 09331
44| 093517 | 093710 | 093922 | 004124 | 004326 | 094 3
45| 005538 | 095740 | usodl| 096143 | 006345 | 06240 | 096748 | Ootbes | ooser |  oooacs
4| Ov7sse | 0077ss | ognos | ooslsy | oomaso | 098360 | ooerer | oosbes | voms|  oarass
47| 0os56s | 0967es | 009967 | 100168 | looaty | 100560 | 30070 | Sooosn | sy | oouscd
| 10572 | 101773 | 101073 | 102173 | 10p37a | 102974 | 10974 | loderd | iosiis|  omrs
4| 108575 | 108775 | L0375 | 10175 | l0s7a | 1ois7é | 0ared | dosord | ioci| ioero
104574 | 104774 | 104974
0| lossrs| 105772 aosorz | w067 | j0es71| 108570 | 106770 106:9 ig:: :35:;3
DA owm GE BR) RS ER) SRR 68 o
83| 11540 | 11738 | 1187 | 112185 | 1 lio27 | i3las | 1idees
5| 0| L) ILIOST| L2135 | 112883 | Li2sa1 | llaes | 1ioea7 | 1dtas | 113z
14312 | 114509 | 114707
Aol ) hm b el MR ) one) ) b
o 1884 | 11
B Mmomee s ) ER R s d )
123356 | 123552 | 123748 | 123043 | 124135 122665 | 123160
124334 | 124520 | 1
80| 1263101 126505 | 125701 | 125896 | 126091 | 126086 | 106481 é;;:: :Zg:g 125115
G| 1z | lamss| 1zreds | izieéd | 1039 | 128233 | 12348 | 1mo2 | 18817 | 126011
63| 17Me| 120400 129594 | 120788 | 120982 | 130176 | 130370 | 130564 | 13078 | 130952
6| 13M40| lals0| 131s34 | 131728 | 131921 | 132115 | 132308 | 132502 | 132606 | 132898
65| loa0s3| 13216 133470 | 133663 | 13385 | 134050 | 134243 | 134436 | 134620 | 134822
G| 1%015| lsowe| 135401 | 135504 | 135787 | 135080 | 136172 | 136365 | 136558 | 136750
67| 1%%43| lmise| 13738 | 1avsal | 137713 | 137908 | 133098 | 133200 | 139483 | 138693
139251 | 130443 | 139635 | 130827
8 | Tigs | a9 | 1%z 140019 | 140211 | 140403 | 140505
69| L2701 | 14803 | 143084 | 1pney| Linoos Wlrad | 41086 | 12127 | 149810 | 142510
00 1612 | 14903 | 1u4004 | 145185 | 145976 | 145566 1:23:3 ot | tums | tasos
LY, 4825 ﬁgg(lnl) 146900 | 147090 | 147280 | 147471 | 147661 {123?,{ {1&1}3‘.{) }18632328
Tl loeah| MBGLL| 14SSOL | 148901 | 149181 | 1aus7i | 149561 | 149730 | 1ddoas 0
74| 1933 | 1305091 15068 | 150888 | 151077 | 151267 | 15156 | 151645 | 1siase |  Lsoomq
|l 152502 | 152781 | 152070 | 133159 : 1020
154103 | losses | 12| 15 153348 | 153536 | 153725 | 153914
70| 1o | lsoirr | s6aes 10600y | 1% | loa0ds 155235 | 155423 | 135612 | 155800
L 158058 156245 | 158433 | 15621 | 158809 [ 158007 130784 106873 | 19558
79| 161620 | 161807 16135} iggfgg }23;2; }ggggg }60871 161058 | 161245 12?233
62741 | 162028 | 163115
80 163488 163 163302
81| 165353 l%ggg }ggggg 164048 | 164235 | 164421 164607 164794 164980 165167
20 10m | 100 | orsss | loTl | daress | s | heesn| 10 | lsesat | lorom
70 169255 169440 1696 8327 168513 168698 168884
81| ooy | 1ouzs | leoddo 25 | 169811 | 169996 | 170181 | 170366 | 170852 | 170
8 | 172770 | 172054 | 173139 | Iogses | LoAG6L | 171846 | 172081 | 172216 | 172400 ones
86 | 17464 | Lios | LRI | 173338 | 173508 | 173602 | 173s76 | 174060 | lvases |  lraemy
87| 176453 | 170637 | 176831 | loje | Looood | 175834 | 175718 | 175002 76360
177004 | 177188 1is0se | Lzoz69
S| lmmy| imser2| mess| umew | 1o | Ims | lresss | hn| | MEs
80669 | 180852 | 181035 | 181217 | 181400 | 19183 |  loyga



TaBLE 9.—Values of 1 — R= when R=0.8—Continued
(A1l values are decimal fractions)

8 9
0.90 | 181948 | 182130 | 182313 | 182405 | 182678 | 182860 | 183042 | 183225 | 183407 | 183580
91| 183771 | 183053 | 184135 | 184317 | 184400 | 184681 | 184863 | 185045 | 185227 | 185400
92 | 185591 | 185772 | 185054 | 186136 | 186317 | 186400 | 186680 | 18362 | 187043 | 187225
93| 187406 | 187587 | 187768 | 187050 | 188131 | 188312 | 188493 | 188674 | 188855 | 180036
94 | 180217 | 180398 | 180570 | 180760 | 180940 | 190121 | 190302 | 190483 | 190663 | 190844
95 | 191024 | 191205 | 191385 | 101566 | 101746 | 191926 | 102107 | 192287 | 192467 | 192647
96 | 102827 | 103008 | 193188 | 103368 | 103548 | 193728 | 108007 | 194087 | 104267 | 194447
97 | 104627 { 104806 | 194086 | 195166 | 105345 | 105526 | 105704 | 195884 | 196063 | 196242
08 | 196422 | 106601 | 196780 | 196960 | 197139 | 197318 | 197497 | 197676 | 107855 | 198034
99 | 198213 | 198302 | 108571 | 108750 | 198028 | 109107 | 199286 | 109464 | 199643 | 199821
1.00 | 200000 | 200179 | 200357 | 200535 | 200714 | 200892 | 201070 | 201240 | 201427 | 201605
01| 201783 | 201961 | 202139 | 202317 | 202405 | 202673 | 202851 | 203029 | 203207 | 203385
02 | 203563 | 203740 | 203018 | 204005 | 204273 | 204451 | 204628 | 204805 | 204983 | 205160
03| 205338 | 205515 | 205692 | 205860 | 206047 | 206224 | 206401 | 206578 | 206755 | 206932
04| 207109 | 207286 | 207463 | 207640 | 207816 | 207993 | 208170 | 208346 | 208523 | 208700
05| 208876 | 200053 | 209229 | 209406 | 200582 | 209758 | 209035 | 210111 | 210287 | 210463
06| 210640 | 210816 | 210092 | 211168 | 211344 | 211520 | 211606 | 211872 | 212047 | 212223
07 | 212309 [ 212575 | 212750 | 212926 | 213102 | 213277 { 213453 | 213628 | 213804 | 213079
08 | 214154 | 214330 | 214505 | 214680 | 214856 | 215031 | 215006 | 215381 | 215566 | 215731
09 | 215006 | 216081 | 216256 | 216431 | 216606 | 216780 | 216955 | 217130 | 217304 | 217470
10| 217654 | 217828 | 218003 | 218177 | 218352 | 218526 | 218700 | 218875 | 219040 | 219223
11| 219308 | 219572 | 219746 | 219920 | 220004 | 220268 | 220442 | 220616 | 220790 | 220964
12 | 221138 | 221311 | 221485 | 221650 | 221832 | 222006 | 222180 | 222353 | 222526 | 222700
13| 220874 | 223047 | 223220 | 223304 | 223567 | 223740 | 223913 | 224086 | 224260 | 224433
14| 224606 | 224770 | 224052 | 225125 | 225298 | 225470 | 225643 | 225816 | 225989 | 226161
15| 226334 | 226507 | 226679 | 226852 | 227024 | 227107 | 227369 | 227542 | 227714 | 227886
16 | 228050 | 228231 | 228403 | 228575 | 228747 | 228010 | 220001 | 229263 | 229435 7
17| 220770 | 220051 | 230123 | 230205 | 230466 | 230638 | 230810 | 230081 | 231153 | 231324
18| 231406 | 231867 | 231839 | 232010 | 232182 | 232353 | 232524 | 232695 | 232367 | 2
19| 233200 | 233380 | 233551 | 233722 | 233893 | 234064 | 234235 | 234406 | 234577 | 234747
20 | 234018 | 235089 | 235260 | 235430 | 235601 | 235771 | 235042 | 236li2 | 236282 | 236453
21 23 | 236704 | 236064 | 237134 | 237304 | 237475 | 237645 | 237815 | 237085 | 238155
22| 238325 | 238495 | 238665 | 238835 | 230004 | 239174 | 239344 | 239513 230853
23 | 240023 | 240192 | 240362 | 240531 | 240701 | 240870 | 241030 | 241209 | 241378 | 241547
24 | 241717 | 241886 | 242055 | 242224 | 242303 | 242562 | 242731 | 242000 | 243069 | 243238
25| 243407 | 243576 | 243744 | 243013 | 244082 | 244250 | 244410 | 244588 | 244756 | 244025
26 | 245003 | 245262 | 245430 | 245508 | 245767 | 245935 | 246103 | 246271 | 246440 | 246608
27 | 246776 | 246044 | 247112 | 247280 | 247448 | 247616 | 24778¢ | 247061 | 248119 | 248287
28 | 248455 | 248622 | 248700 | 248058 | 249125 | 240203 | 249460 | 249628 | 240705 | 249063
20 | 250130 | 250207 | 250464 | 250632 | 250799 | 250066 | 251133 | 251300 | 251467 | 251634
30 | 251801 | 251968 | 252135 | 252302 | 250460 | 252635 | 252802 | 252080 | 263135 253302
31| 253469 | 253635 | 253802 | 253068 | 254135 | 254301 | 254468 | 254634 | 254800 | 254967
32| 255133 | 255000 | 955485 | 266631 | 255797 | 255063 | 266130 | 256206 | 256461 | 256627
33 | 256703 | 256959 | 257125 | 257201 | 257456 | 257622 | 257788 | 257953 | 268110 | 258
34| 258450 | 258615 | 258781 | 258046 | 250111 | 269277 | 250442 | 250607 | 250772 | 250938
35| 260103 | 260268 | 260433 | 260508 | 260763 | 260928 | 261003 | 261257 | 261422 | 261587
36| 261752 | 261017 | 262081 | 262246 | 262410 | 262575 | 262740 | 262004 | 263068 ) 263233
37| 263397 | 263562 | 263726 | 263800 | 264055 | 264210 { 264383 | 204547 | 264711 ) 26487
38 | 265039 | 265208 | 265367 | 266531 | 265695 | 265850 | 266022 | 266180 | 266350 | 266514
39 | 266677 | 266841 | 267005 | 267168 | 267332 | 267495 | 267650 | 267822 | 267085 | 268
40| 268312 | 268475 | 268638 | 268801 | 268064 | 269128 | 269201 | 269454 | 260617 | 260780
41| 260943 | 270106 | 270269 | 270431 | 270504 | 270767 | 270920 | 271082 | 271245 ) 271407
42| omsr0| 2n7s3 | 271895 | 27a0s7 | 272020 | 272ssy | 27bds | 272707 | 272869 ) 273031
43| 273194 | 273356 | 273518 | 273680 | 273842 | 274004 | 274166 | 274328 | 274400 | 27460
a4 | o7adie | o7a976 | 275137 | 276209 | 27546l | 27eez2 | 275784 | 275945 | 206107 | 276283
45| 276430 | 276592 | 276753 | o76old | 277076 | 277237 | 277398 | 277569 | 277721 | 277488
46 | 278043 | 278204 | 278365 | 278526 | 278687 | 278848 | 279009 | 270170 | 270831 | Z79°0%
47| 270652 | 279813 | 279973 | 280134 | 280205 | 280455 [ 280616 | 280776 | 280837
8| 9281578 | 281739 | 281899 | 282059 | 282210 | 282380 | 282540 | 2827
1| om0 | aesom | ik 283500 283810 | 283070 | 284139 | 284209
777 | osapa7 | oss097 | 285256 | 285415 | 285575 | 285734 | 285894
0| ot s | Sataro| omesa1 | 2e600 | 2649 | 287008 | 287167 | 287326 287486
52| 287644 | 287803 | 287962 | 288121 | 288280 | 288439 | 288508 | 288756 | 288010 )  ZEHTQ
33 | 289932 | 080301 | 289550 | 289708 | 289867 | 290025 | 200183 | 200342 200658
54| 200816 | 200075 | 291133 | 201201 | 201449 | 201607 | 201765 | 201923 | 202081 | 29D
55| 202307 | 292565 | 202713 | 202871 | 23020 | 293186 | 203344 | 293502 | 203680\ 23T
56| 203075 | 294132 | 204200 | 204447 | 204604 | 294762 | 204910 | 295077 ) 29523 205301
G| M) m me B mE) s el Dol S A
97275
8| TS| 20| 08008 | 209154 | 200311 | 200467 | 290623 | 296780 | 200936 | 300093
1020 | 301185 | 301341 | 301496 | 301652
®| el s o wgn| wem| wum) ) W) WE) SS9
62| 303364 | 303520 | 303675 | 303830 | 30398 S04a02 | Besr | 306312
63| 304917 | 30072 | 305227 | 305382 | 305537 | 308692 | 308847 300002 ) BT SPOg
64 | 308466 | 300621 | 306776 | 300931 | 307085 | 307ad0 | 307304 | 30748 | KGR Sfy
65| 308012 | 308166 | 308321 | 308475 | 308620 | 308784 | 308038 | 303002 | 30928 Oy
66| 309555 | 309700 | 309863 | 310017 | 310171 | 310325 | 310478 | 310637 0786 | 310840
67 | 311003 | 311247 | 311401 | 311555 | 311708 | 311862 | 312015 2160 | guzaz| S0
32 | 312036 | 313089 | 313242 | 313306 | 313549 | 31
68| 1| SN2 | Slider| 3la620 | 314773 | 314026 | 315079 | 315232 | 315385 | 316837
316605 | 316758 | 316910 | 317063
m| gum| wems| | jo| e gam) few) g% B
7o | uerar | 3isaso | 310041 | 310163 | 319845 | 3lodgr | 319648 ) 3188001 RER)  oigg
73| 320256 | 32007 | 320850 | 320711 | Seosep | 3210l | 321l | 3BT S| gy
74| 321771 | 321923 | 322074 | 322225 | 322376 | 322527 | 32 0| s
37 | 324188 | 324339 | 32448
75 | 323082 | 323433 | 323584 | 323735 | 323886 | 3240 s4188 | 24300 | BL0D | Soelds
7o | Sorol | apsoa1 | sac0vp | 325243 | 32533 | 3asadd | 2560 | 32%8eR ) BBCH | ore
77| 326006 | 326446 | 326596 | 326746 | 326897 | 327047 arser | e | S
328247 | 328397 | 328547 | 328697 | 3
Bl iimme | Sz 09| 30744 | 3o0m04 | 330044 | 330103 | 330343 | 3304921 330641

21
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TasLE 9.—Values of 1 — R* when R=0.8—Continued
(All values are decimal fractions)

P 0 1 2 3 4 6 6 7 8 9
180 | 330701| 330040 | 331080 | 331238 | 331388 | 331537 | 331686 | 331835 | 331984 | 332133
81| 332282 | 332431 | 339580 | 332720 | 332878 | 333027 | 333176 | 333325 | 333474 | 333622
82 | 333771 | 333019 | 334068 | 334217 | 334365 | 334514 | 334762 | 334810 | 334950 [ 335107
83 | 335266 | 3354 335552 | 335701 | 335849 | 335007 | 336145 | 336203 | 336441 | 336589
84| 336737 | 336885 | 337033 | 337181 | 337320 | 337477 | 33725 | 337773 | 337020 | 338068
85| 338216 | 338363 | 338511 | 338650 | 3238806 | 338954 | 339101 | 339240 | 339396 | 339543
86 | 230601 | 339838 | 330085 | 340133 | 340280 | 340427 | 340574 | 340721 341015
87| 341163 | 341310 | 341457 | 341604 | 341750 | 341897 | 342044 | 342101 | 342338 | 342484
88 | 342631 | 342778 | 342024 | 343071 | 343218 | 343364 | 343611 | 343657 | 343803 | 343050
80| 344006 | 344243 | 344380 | 344535 | 344681 344074 | 345120 | 345266 | 345412
00 | 346558 | 345704 | 345850 | 345006 | 346142 | 346288 | 346434 | 346580 | 346726 | 346872
91| 347017 | 347163 | 347308 | 347454 | 347600 | 347745 | 347801 | 348036 | 348182 | 348327
92 | 348472 | 348818 | 348763 | 348000 | 340054 | 340199 | 349344 | 349480 | 349634 | 349780
93 | 349925 | 350070 | 350215 | 360360 | 350505 | 350650 | 350704 350030 | 351084 | 351229
94| 351374 | 351518 | 351663 | 351808 | 351952 | 352097 | 352241 | 352385 | 352530 | 352675
95| 352820 | 352084 | 353108 | 353252 | 353307 | 353541 | 353686 | 353820 | 353074 | 354118
98 | 354262 | 354406 | 354550 | 354604 | 354833 | 354982 | 355126 | 355270 | 356414 | 355558
97| 355701 | 365845 | 355080 | 366132 | 356276 | 356420 | 366563 | 356707 | 356851 | 356004
98 | 357137 | 357281 | 357424 | 357568 | 357711 | 357854 | 357908 | 368141 | 358284 58427
99| 358570 | 358713 | 358856 | 350000 | 359143 | 350288 | 369428 | 350571 | 359714 | 359867
2.00 | 36 360143 | 360285 | 360428 | 360571 | 360714 | 360856 | 360999 | 361141 | 361284
01| 361426 | 361560 | 361711 | 361854 | 361996 | 362139 | 362281 | 362423 | 362565 | 362708
02| 362850 | 362092 | 363134 | 363276 | 363418 | 363560 | 363702 | 363844 | 363986 | 364128
03| 364270 | 364412 | 364554 | 364695 | 364837 | 364979 | 365121 | 3656262 | 365404 | 365545
04| 365687 | 365820 | 365070 | 366112 | 366253 | 366394 | 366536 | 366677 | 366818 | 366960
05| 367101 | 367242 | 367383 | 367525 | 367666 | 367807 | 367948 | 368080 | 368230 | 368371
06| 368512 | 368652 | 368703 | 368934 | 369075 | 360216 | 369357 | 369497 | 360638 | 369778
07| 369919 | 370060 | 370200 | 370341 | 370481 | 370622 | 370762 | 370903 | 371043 | 371183
08| 371323 | 371464 | 371604 | 371744 | 371884 | 372025 | 372165 | 372305 | 372445 | 372585
09 | 372725 | 372865 | 373005 | 373145 | 373285 | 373424 | 373564 | 373704 | 373844 | 373983
10| 374123 | 374263 | 374402 | 374542 | 374681 | 374821 | 374960
D Tong | mseer| aveme| Sviose | Sat| AL\ esd | deis| aress | srem
12| 376010 | 377049 | 377188 | 377327 | 377466 | 377605 | 377744 | 377882 | 378021 | 378160
13| 378209 | 378438 | 378678 | 378715 | 378854 | 378002 | 370131 | 370260 | 379408 | 379546
14| 379685 | 370823 | 370961 | 380100 | 380238 | 380376 | 380515 | 380653 | 380791 | 380929
15| 381067 | 381205 | 381343 | 381481 | 381610 | 381757 | 381895 | 382033 | 382171 | 382309
16 | 382447 | 382585 | 382722 | 382860 | 382098 | 383135 | 383273 | 383411 | 383548 | 383686
17| 283823 | 383061 | 384008 | 384236 | 384373 | 384510 | 384648 | 384785 | 384922 | 385060
18| 385197 | 385334 | 385471 | 385608 | 385745 | 385882 | 386019 | 386156 | 386203 | 386430
19| 386567 | 386704 | 386841 | 386978 | 387114 | 387251 | 2387388 | 387524 | 387661 | 387708
20| 387034 | 388071 | 388207 | 388344 | 388480 38888
20| 38200 | 380435 | 38057, | 390707 | 306043 | 389080 | aoduia | sodbes | aooeas |  aaofes
22 | 390660 | 300796 | 390932 | 301068 | 301204 | 391330 | 301475 | 301611 | 391747 | 301883
23 | 392018 | 302154 | 392280 | 392495 | 302561 | 392606 | 302831 | 392067 | 393102 | 393238
24 | 303373 | 393500 | 303644 | 303779 | 393014 | 394050 | 304185 | 304320 | 304455 | 304590
25| 304725 | 2304860 | 394995 | 395130 | 305265 | 395400 | 305535 | 395670 | 395805 | 395040
26 | 396075 | 306209 | 396344 | 396470 | 2306614 | 396748 | 306883 | 307017 | 397151 | 397286
27 | 397421 | 307555 | 307680 | 397824 | 307058 | 398003 | 308227 | 308361 | 398405 | 308630
28 | 398764 | 398808 | 300032 | 399166 | 309300 | 399434 | 300568 | 399702 | 390836 | 399970
20 | 400104 | 400238 | 400372 | 400505 | 400630 | 400773 | 400907 | 401040 | 401174 | 401307
30 | 401441 | 401574 | 401708 | 401842
31| 402775 | 402008 | don0dd | 403175 | 40808 | dosen | soed | domer | oy | o2
32 | 404106 | 404239 | 404372 | 404 404638 | 404771 | 404904 | 405036 | 405160 | 405302
33 | 405435 | 405567 | 405700 | 405832 | 405964 | 406007 | 406230 | 406362 | 406495 | 406627
34| 406760 | 406892 | 407025 | 407157 | 407280 | 407421 | 407553 | 407686 | 407818 | 4079
35| 408082 | 408214 | 408346 | 408478 | 408610 | 408742 74 | 409006 | 400138 2590
1 E EAE EIEEEE
411375 | 411506 | 411638 | 411760 | 411900
38 | 412031 | 412163 | 412204 | 412425
30| 413342 | 413473 | a1s04 | 4larad | 41388 | 413006 | almds | iiises| sims| oo
40 | 414650 | 414780 | 414011 | 415041
0] daml gme) mem) sm s owm owe) e gl g
417776 | 417906 | 418036 | 418166 | 41829,
43 | 418555 | 418685 | 418814 | 418944 | 410074 | 419 e
44| 419851 | 419980 | 420110 | 420230 | 420369 | 400408 | dossy | avorce | vmer| ameend
498 | 420627 | 420756 | 420886 | 421
45 | 421144 | 421273 | 421402 | 421831 | 4oveeq | tay 300
f| | ) dzdoz| sl 42le0 | 470 | 421000 | 4zoods | dzaury | 4220
a7 | aaam | a238s0 | 433070 | 44ior | dosond | aaade | iaaey | sseso | 4245|4253
a1 4 423850 | dzem0 | 43 424364 | 424403 | 424621 | 424750 | 424878
| 426288 | 0616 | aooad | dooars | 430000 | imody | depes| adees | 40| 426160
50 | 427567 | 427604 | 427822 | 427050
5 s mm| me o) ) ) o) me| e
; 497 | 430624 | 430751 | 430878
53 | 431386 | 431513 | 431640 | 431766 | 431893 prorc R Il e
B| pise) o) a0 4 a1 432020 | 432147 | 432273 | 432400 | 432527
35| ibon| M| dmoe| s gaish | gse | 4z |  adasag | aganes | 4savon
5| 435180 | 435300 | 435432 | 435656 | 435088 | aason | aoes | ool | 4028 435004
9| Dusy| Lo sz 4o 4 435809 | 435035 | 436061 | 436187 | 436313
S| b | gt dsem | 43 36041 | 437067 | 437103 | 437318 | 437 437569
Bl omm A dm) S BE) RB) e S Bm) RS
60 | 440199 | 440323 | 4404
61| 44lddp | 4410 | iovoe 073 44008 40823 | 4008 | 4e1072 | ganior | es1emm
62| 443601 | adzel | iddeay | sien)| Loiv5| 442060 104 | 442318 | 442443 | 442567
6 | 443095 | ddsose | 40| 0ot | sise| e 443437 | 443561 | 443685 | 443809
6 | Gani7a | ddgg | GSE| 00| M0 | sshd | 44d6TE | adisOl | sssens | ascodd
65 | 446410 | 446333 | 446657 | 4de780 | 440004 | 4avors | denigy | saoony | ao163) 446286
6 | aarcid | divver | sy | L) dsoe0d | aer 447150 | 447274 | 447307 | 447520
gg ﬁg%g 448908 | 449121 449244 | 449367 4493%38 ﬁggg ﬁgggg ﬁ%ﬁ%ﬁ 443;3%
450226 | 450349 bt
G | gl fom| foml) ) W) G| GR) ) d




TasLE 9.—Values of 1 — R=* when R=0.8—Continued
(A1l values are decimal fractions)

z 0 1 2 3 4 5 6 7 8 9

2.70 | 452552 | 4so674 | 452706 | 452018 | 453040 | 453162 | 453284 | 453406 | 459508 | 453650
71| 453772 | 453804 | 454016 | 450138 | 454250 | 454381 | 454503 | 454625 | 4pi746 | 454868
72 | 454000 | 455111 | 455233 | 455354 | 4Bb6476 | 455507 | 485719 | 456840 | 455062 | 456083
73 | 456204 | 456326 | 456447 | 456568 | 456600 | 456811 | 486932 | 457053 | 457174 | 457205
74 | 4b7416 | 457538 | 457650 | 457780 | 457001 | 458022 | 458142 | 458263 | 458384 | 458505
75 | 458626 | 458747 | 458867 | 458088 | 450100 | 459230 | 450350 | 450471 | 450502 | dso7i2
76 | 450833 | 450053 | 460074 | 460104 | 460315 | 460435 | 460565 | 460676 | 460796 | 460916
77 | 461037 | 461157 | 461277 | 461307 | 461517 | 461638 | 461758 | 461878 | 461998 | 462118
78 | 462038 | 462358 | 462478 | 462508 | 462718 | 462838 | 462058 | 463077 | 463197 | 463317
79 | 463437 | 463556 | 463676 | 463705 | 463015 | 464035 | 464155 | 464274 | 464394 | 464513
80 | 464633 | 464752 | 464871 | 464001 | 465110 | 465230 | 465340 | desa6s | 4esssy | aemr0r
81| 465826 | 465045 | 466064 | 466183 | 466302 | 466422 | 466541 | 466660 | 466779 | 4
82 | 467017 | 467135 | 467254 | 467373 | 467402 | 467611 | 467730 | 467848 | 467967 | 465086
83 | 468205 | 463323 | 468442 | 468560 | 468670 | 468708 | 468016 | 469035 | 460153 | 460272
84| 469390 | 469508 | 460627 | 460745 | 469863 | 469981 | 470100 | 470218 | 470336 | 470454
85| 470573 | 470601 | 470800 | 470927 | 471045 | 471163 | 471281 | 471300 | 471517 | 471635
86| 471753 | 471871 | 471088 | 472108 | 472224 | 479342 | 472460 | 472577 | 472695 | 472812
87 | 472030 | 473048 | 473165 | 473283 | 473400 | 473518 | 473635 | 473753 | 473870 | 473988
88 | 474105 | 474202 | 474330 | 474457 | 474574 | 474681 | 474808 | 474926 | 475043 | 475160
89 | 475277 | 475304 | 475511 | 475628 | 475745 | 475862 | 475070 | 476096 | 476213 | 476330
90 | 476447 | a7es63 | aveeso | 4averor | aveord | 47ros0 | 47riav | arreea | 4vosso | avragr
o1 | 477614 | 477730 | 477847 | 477963 | 478080 | 478106 | 478312 | 478429 | 478545 | 478662
92 | 478778 | 478804 | 470011 | 470127 | 479243 | 470350 | 470475 | 479502 | 470708 | 479824
93 | 470040 | 480056 | 480172 | 480288 104 | 480520 | 480636 | 480751 | 480867 | 480083
04 | 481000 | 481215 | 481331 | 481446 | 481562 | 481678 | 481703 | 481900 | 482025 | 482140
95 | 482256 | 482371 | 482487 | 482602 | 482717 | 482833 | 482048 | 483064 | 483170 | 483294
96 | 483410 | 483525 | 483640 | 483755 | 483871 | 483086 | 484101 | 484216 | 484331 | 484446
07 | 484561 | 484676 | 484791 | 484008 | 485021 | 485136 | 485251 | 485365 | 485480 | 485595
08 | 485710 | 485825 | 485030 | 486054 | 486160 | 486284 | 486308 | 486513 | 486627 | 486742
00 | 436856 | 486071 | 487085 | 487200 | 487314 | 487428 | 487543 | 487657 | 487772 | 487886
3.00| 4 488114 | 480208 | 488343 | 488457 | 488571 | d4ssess | 488799 | 488013 | 489027
01| 480141 | 489255 | 480360 | 480483 | 480507 | 480711 | 489825 | 489939 | 400052 | 490166
02| 490280 | 490304 | 490507 | 490621 | 490735 | 490848 | 4900061 | 491075 491180 | 491303
03| 491416 | 491530 | 491643 | 401757 | 491870 | 401083 | 402006 | 492210 | 492323 | 492436
04 | 492550 | 492063 | 492776 | 402880 | 403002 | 493115 | 493229 | 403342 | 493455 | 493568
04 | 493681 | 403794 | 493007 | 404020 | 404137 | 404245 | 404358 | 404471 | 494584 | 404697
06| 404800 | 494922 | 495035 | 495147 | 495260 | 495373 | 495485 | 495508 | 495710 | 405823
07 | 495935 | 496048 | 496160 | 406273 | 408385 | 496497 | 496610 | 496722 | 496834 | 496047
08 | 49705 | 497171 | 407283 | 407305 | 497508 | 407e20 | 407732 | 407844 | 4g7056 | 498068
00| 408180 | 498202 | 408404 | 408516 | 408628 | 40B740 | 498851 | 498063 | 490075 | 499187
10| 4900208 | 400410 | 400522 | 490633 | 499745 | 400857 | 400968 | 500080 | 500101 0303
11| 500414 | 500526 | 500837 | 500749 | 500860 | 500071 | 501083 | 501194 | 501305 | 501417
12| 501528 | 501639 | 501750 | 501862 | 501973 | 502084 | 502105 | 502306 | 502417 | 502528
18| 502630 | 502750 | 502861 | 502072 | 503083 | 503194 | 503305 | 503415 | 503526 | 503637
11| sos7s | 50388 | 503 504080 | 50419 | 504301 | 504412 | 604522 | 504633 | 504743
15| 504854 | 504964 | 505075 | 505185 | 505206 | 605406 | 508516 | 505627 | 505737 | 505847
16| 505058 | 508068 | 506178 | 500288 | 506308 | 506508 | 506618 | 506720 | 506839 | 506949
17 507050 | 507i60 | 507279 | GO7aso | 607498 | G07608 | 077is | 50728 | B0Tass | 508048
18| oBls7 | 08267 | 508377 | 608486 | GORS06 | 08706 | 508BS | 508925 | GO%03s | 5OOIdd
19| 00254 | 509363 | 509473 | 09582 | 500601 | 500801 | 509910 | 510020 | 510120 | 51023
20| 510348 | 510457 | 51066 | 510675 | 510784 | 510803 | 511003 | 51112 | 511221 | 511330
91| 511430 | 511548 | 511657 | 611766 | 511875 | 511984 | 512093 | 512202 | 512310 | 512419
35 | ZSi2598 | 512837 | S12745 | 512854 | 512063 | 513072 | 513180 | 513280 | 513307 | 513506
23| Bisels | siazas | o181 | i3 | Bla048 | Sldlsy | SM2es | Suda | oiddsz | oldseo
24| 5l | 5uB07 | 514915 | sus0od | sioisa | Gisado | slsads | slaase | sisved | slser:
25| sis7s0 | siss | s1s9%6 | slew04 | mela | Si6i20 | Si6dos | siewas | sleoud | plorsd
26| >5iee0 | 516067 | 517075 | 517183 | 17291 | 517308 | 6l7s06 | 617614 | 51 9
27| sizose | sisosd | sisise | s1sas0 | ousser | Giadza | sissz | s1ses0 | sisvos | slsa0d
28| o011 | 51918 | Suopo6 | £l0aa | 1040 | siosa7 | Slo6sa | plores | sioEo | ploore
20 | 520083 | 520190 | 520207 | 520404 | 520511 | 520618 | 520725 | 520832
30 | se11s3 | 521260 | 521366 | s21473 | s21s80 | senesy | s2ives | 521000 | 522007 | 52214
31| sz | ooodar | gaoass | aasdp | saoodo | sagves | sasssa | saeee | sasorz| el
39 | 523285 | 593302 | 593408 | 523604 | 523710 | 523817 | 523023 2
33 | 524343 | 5445 | 524560 | 524666 | 524772 | CDASTE | G084 | 520000 | 526196 | 525302
34| sabios | sassld | Gose0 | opovas | oD | SasOB7 | 526043 | SIOLS | maoed | G2
35| sabdcs | saosr2 | soserz | sorss | oesss | saoood | s2v009 | s27a0s | Gavslo | yrdle
36| soror | soveer | sorras | saeay | Sods | meds | saSlod | SaEas0|  gassed | sased
S| omsd | saecs0 | oawres | 53890 | DU | BA0I0 | saoses | cooaoo | saodod | saosed

52
35| 26 | G308 | sa0se3 | 530087 | 531002 | 531197 | bB3l302 | 531406 | 53151 | G31616
532033 | 532137 | 532042 | 532346 | so24si | 532555 | 532650
0 B0 | e | e | Gasve | 33180 | sass4 | 53380 | 533408 |  sassey | 533701
41| 532763 | 5328 534420 | 534532 | 534636 | 534740
42| 533805 | 533009 | 534013 | 534117 | 534221 | 534325 0| mamz| e | s
43| saasad | sadods | msose | Gusiss | 3oa0o | Gsa6s | sasdes | SaSS0 | sSnoTa | S35
E 1 % 1N % N 1§ I8N N
5| JOIS | S0I0 | TR | Daey | 830 | 538463 | 53866 | 538669 | 638772 | 538s7e
8 Dredr| 0% | 350183 | 90gs6 | gs03so | saoaon | 530504 | 639697 | 539800 0002
540

8 os | Siot08 | 5a0210 | 540313 | 540415 | 540518 | 540620 | 540723 | 540826

to| a0 | 541133 | 41235 | 541337 | 54lad0 | b41542 | 541644 | 541747 | 541849 | 541051
51| 543074 17 vl M
32| GSiiooo | oadlod | oaso0e | besa0s | béadsg | S4d0l | o4e70p | DAdSOd | 544006 | Bas00T
53| GSisloo | o4si0 | oisaie | sioa13 | sdobis | bo016 | s4omi7 | SSS10 | ndseny | 5as02l
81| 4012 | oeooos | sdezs | bbaz6 | o528 | 5be20 | se6TIO | GAGESI | d6gE ) 547033
o2 | 2isa | 547as5 | 547336 | 547437 | 547sss | b47639 | 547740 | 547 sroea | ods0ds
55| Siglas | oafods | 5asis | biBeds | sdssa7 | baBeds | sasTas | sdSSA0 | ngn0 | 5400
o7 | Gaoisi | 549251 | 549357 | 549453 | 540553 | 540654 | 549764 B5o | 549055 | 550050

255 | Ba03s7 |  ssoas7 | 550857 | 550667 | 550758 | 550
S8 Shoise | SH2%8 | Gias | ssiso | ssisso | sslese | soi7e | 55isso | 561059 | 852059

23



24

TaBLE 9.— Values of I — R= when R=0.8—Continued

(All values are decimal fractions)

z 0 1 2 3 4 5 6 7 8 9
3.60 | 552159 | 652260 | 562359 | 562459 | 552568 | 552658 | 652768 | 562858 | 552058 553057
61 | 553167 | 653267 | 553356 | 553456 | 553556 | 553855 | 563755 | 553855 | 553054 554054
62 | 554153 | 5564253 | 554352 | 554451 | 554551 | 554850 | 554750 | 564849 | 554948 556047
63 | 555147 | 556246 | 555345 | 555445 | 555644 | 555643 | 565742 | 566841 | 555040 556039
64 | 556138 | 656237 | 656336 | 556435 | 66 5566: 566732 | 556831 | 556930 557029
65| 557128 | 557227 | 667325 | 657424 | 557523 | 567622 | 567720 | 567819 | 557917 558016
66 | 558115 | 658214 | 558313 | 558411 | 558500 | 558608 | 658706 | 558805 | 558003 559001
67 | 659100 | 559198 | 550207 | 550395 | 550493 | 569591 | 550600 | 569788 | 550886 550984
68 | 560082 | 560181 | 560270 | 660377 | 560475 | 560573 | 560671 | 560769 | 560867 560065
69 | 561063 | 561161 | 561260 | 661357 | 561455 | 661553 | 5661650 | 561748 | 561846 561944
70 | 562041 | 562139 | 562237 | 562335 | 562432 | 562530 | 562627 | 562725 | 562823 562920
71 | 563018 | 563115 | 563213 | 563310 | 563408 | 563505 | 663602 | 563700 | 563797 563804
72 | 563992 | 564080 | 564186 | 564284 | 564381 | 564478 | 564575 | 564672 | 564769 564866
73 | 564064 | 565061 | 565158 | 566265 | 665352 | 565440 | 565546 | 565643 | 565739 565836
74| 565033 | 566030 | 566127 | 566224 | 566320 | 566417 | 566514 | 5666611 | 566707 566804
75 | 566001 | 566997 | 567004 | 567101 | 667287 | 567384 | 567480 | 567577 | 567673 567770
76 | 567866 | 567963 | 568050 | 568155 | 568252 | 568348 | 568444 | 568541 | 568637 568733
77 | 568820 | 568025 | 569022 | 669118 | 5669214 | 560310 | 569406 | 569502 | 569508 569694
78 | 569790 | 569886 | 569982 | 570078 | 570174 | 570270 | 570366 | 570462 | 570558 570654
79 | 570749 | 570845 | 570941 | 571037 | 571132 | 571228 | 571324 | 571419 | 571516 571610
80 | 571706 | 6571802 | 571807 | 571993 | 572088 | 572184 | &
81 | 572661 | 572756 | 572851 | 5672047 | 573042 | 573137 5%53 2”73§Z§ 2%;2 2;%2?3
82 | 573613 | 573708 | 573803 | 573890 | 573094 | 574089 | 574184 | 574279 | 574374 574469
83 | 574564 | 574659 | 574753 | 574848 | 574943 | 575038 | 575133 | 675228 | 675322 575417
84 | 575512 | 575607 | 575701 | 675796 | 575891 | 575985 | 576080 | 576174 | 576269 576363
85| 576468 | 676552 | 576647 | 6576741 | 576836 | 576931 | 577025 | 577119 | 577213 577308
86 | 677402 | 577406 | 577591 | 577685 | 677779 | 577873 | 577067 | 578062 | 578156 578250
87 | 578344 | 578438 | 578532 | 578626 | 578720 | 578814 | 578908 | 579002 | 579096 579190
gg 579284 ggggig ggg:zg gggggg gggggo 579753 | 579847 | 579941 580128
580222 6 | 580690 | 580783 | 580877 | 580870 581064
90 | 581157 | 581251 | 681344 | 581438
o) o\ semes | smr ) o ?%gg.i Soaoe7 | Seamso | serni3 | et | oess
93 | oaof | 5805 | 584137 | 584230 | 584323 | sedhio | oeios | sosems | foues| osse
04 | 584870 | 584072 | 585064 | 585157 | 585240 | 585342 | 585435 | 685527 | 585 S85712
95 | 585804 | 585807 | 585989 | 586082 | 586174 Y e
96 | 586728 | 586820 | 586912 | 587004 | 587096 gg?fgg 286359 s | e Sy
97 | 587640 | 587741 | 587833 | 587925 | 588017 8301 | oabans | oemacs pebd
588109 | 588201 | 588292 | 588384 588476
98 | 588568 | 588660 | 588751 | 588843 | 588035 | 58 580118 | 580210 |  589;
99 | 589485 | 580577 | 589668 | 589760 | 580851 | 589943 90034 | 500126 5903‘1)3 gggggg
Iy (1) 238;12 50131 (5;092133 gggﬁ 59404 50494 50585 59675 59765 50854
2 60828 | 60015 61002 61089 61176 g?ggg 2%15 2?365 s e
3 61692 61778 61863 61948 62033 62117 % 82950 v
4 62538 62621 62704 62787 62870 62953 %gc? ggﬁ;g 233238 gg;g;
g gi’% gﬁgg 63527 83009 &ggo 63771 63851 63932 64012 64003
g ggggg 2553'1% 25119 65107 6527% %ggg g%g 2;;32 65583 2%%
5880 65965 66041 66117 66192 66:
9 66403 66567 | 66642 66716 66790 66864 o o ey
66938 67012 67085 67159
5-? 23%2% gggg; ggg;g gggé 67523 67596 67668 67740 67812 67883
3 e iy 68169 6 93? 68311 68381 68451 68522 68502
2 Sase oana2 pryecs &8s 69010 69079 69148 69217 69285
3 Soaca So490 8 58 g%gg 69694 69761 69829 69896 69963
lomm| BB omE) RE| A ome) ma e G
8 ;%g% 71402 %gg %fgg 71592 71656 71719 71782 71845 ;iggs
3 ;gigg 72650 72711 72772 ;%g 33%3% ;38452 73014 3%331 ;glsgf
73254 73313 73373 73432 73491
73551 73610 73668 737:
6.0 73786 73844 73902 73 74018 -
1 74364 74421 74478 74535 74592 Tigay s e T o
2 Lo T Taas 74535 74649 74705 74761 74818 74874
2 Lyl Taose T5041 7509 75153 75208 75263 75318 75373
: Tooss 7osss 75602 7 75701 75756 75809 75863 75017 75970
5 76553 oo Jost ;g% 76237 76290 76343 76396 76448 76501
. o To600 76058 76710 ;%61 76813 76865 76917 76 77019
3 e a2 s 22 74 77325 71376 77426 71476 77526
8 [33, Theze Jrore T2 ;7776 77825 77875 77024 77973 78022
° i Ta20 78169 [ 8266 78315 63 78411 78459 78507
. 608 78746 78793 78840 78888 78935 78982
. 79028
1 [hyrs ;gggg 38% 79168 79215 79261 79307 79354 79400 79445
2 79044 | 79989 | 80033 |  ogmg g?g Zglég Tored | Tom09 ) 7omsd 79809
3 sosse 383632 5.8?3(7)% 80517 | 80561 | 80604 | 80647 3.‘?%% 80733 80775
5 ot Sosca 80903 80047 80090 81032 81074 81117 81159 81201
p Siose | o1 31526 81367 81409 81451 81492 81533 81574 81615
; Sheas Sieor 81738 81779 81819 81860 81900 81941 81981 82021
8 82057 | 89406 |  soial g%% 829221 82260 82300 82339 82379 82418
9 82844 | 82682 | 82020 | goos | sond Sa0e S2000 |  mraw ) sa7es 82806
5o R - - . 83110 83148 83185
1 g3re8 Frrend Sa001 3335 83372 83409 83446 83483 83520 83557
2 Sane Saga0 83606 83702 83739 83775 83811 83847 83883 83919
3| 84 8034 | e | B0B2| 84008 | 84133 | 84168 | 8204 | 439 |  sours
" fopet S saro §44414 84449 84483 84518 84552 84587 84621
5 84599 3l S 4758 84792 84826 84859 84893 84027 960
6 85395 el g0 332293 85127 85161 85194 85227 86259 85292
7 85649 Soaas Soaon 85456 85488 85520 85552 85585 8
8 85966 | 85097 |  sboos |  snony| oI 8| 85840 | 85872 | 85003 85084
o sl EROER Bl omml k| owm| mi) R
86548




TasLE 9.—Values of 1 — R= when R=0.8—Continued

(All values are decimal fractions)

z 0 1 2 3 4 5 6 7 8 9
9.0 86578 86608 86638 86668 86697 86727 86757 86786 86816 86846
1 868756 86904 86933 86962 86991 87020 87049 87078 87107 87136
2 87164 87193 87221 87250 87278 87306 87335 87363 87301 87419
3 87447 87475 87603 87531 87559 87687 87614 87642 87669 87697
4 87724 87752 87779 87806 87833 87860 87887 87916 87942 87968
5 87995 88022 88049 88075 88102 88128 88155 88181 88208 88234
6 88260 88286 88312 88338 88364 88390 88416 88468 88494
7 88519 88545 88570 88506 88621 88647 88672 88697 88722 88747
8 88773 88798 88823 88847 2 88897 88922 88947 88971 88996
9 89020 89045 80069 89094 89118 89142 89166 89190 89215 89239
10.0 89263 89287 89310 89334 89358 80382 89405 89429 89453 80476
1 89500 89523 89546 89570 89593 89616 89639 89662 89685 89708
2 89731 89764 89777 89800 89822 89845 89868 89890 89913 89936
3 89968 89080 90003 90025 90047 90069 90091 90113 90135 90157
4 90179 90201 90223 90245 90267 90288 90310 90332 90353 90375
5 90396 90418 90439 90460 90482 90503 90524 90545 90! 90587
6 90608 90629 90660 90671 90692 90712 90733 90754 90774 90795
7 90815 90836 90856 90877 90897 90917 90937 90978 90998
8 01018 91038 91058 91078 91098 01118 91138 91157 91177 91197
9 91216 91236 91255 91275 91294 91314 91333 91352 91372 91391
11.0 01410 01429 01448 01467 91486 91505 91524 91543 91562 91581
1 91600 91618 91637 91656 91674 91693 91711 91730 01748 91767
2 91785 91803 91822 01840 91858 91876 91894 91912 91930 01948
3 91966 91984 92002 92020 92038 92066 92073 92091 92108 92126
4 92144 92161 92179 92196 92213 92231 92248 92265 92283 92300
5 92317 92334 92351 92368 92385 92402 92419 92436 92453 92470
6 92487 92503 92520 92537 92553 92570 92586 92603 92619 92636
7 92652 92669 92685 92701 92718 92734 92750 92766 92782 92798
8 92814 92830 92846 92862 92878 92894 92910 92926 92942 92057
9 92973 92989 93004 93020 93035 93051 93066 93082 93097 93113
12.0 93128 93143 93159 93174 93189 93204 93219 93235 93250 93265
1 93280 93295 93310 93324 93339 93354 93369 03384 93399 93413
2 93428 93443 93457 93472 93486 93501 93515 93530 93544 93559
3 93573 93587 93602 93616 93630 93644 93658 93673 93687 93701
4 93715 93729 93743 93757 93771 93785 93798 93812 93826 93840
5 93853 93867 93881 93895 93908 93922 93935 93949 93962 93976
6 93989 94003 94016 94029 94043 94056 94069 94082 04095 94109
7 94122 94135 94148 94161 94174 94187 94200 94213 94226 94239
8 94252 04264 94277 94290 94303 94315 94328 94341 94353 04366
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TaBLE 9.—Values of 1 — R* when R=0.8—Continued

(All values are decimal fractions)

z 0 1 2 3 4 5 6 7 8 9
27.0 99759 99759 99759 99760 99760 99761 99761 99762 99762 99763
1 99764 99764 99765 99765 99766 99766 99767 99767 99768 68
2 99769 99769 99770 99770 99771 99771 99772 09772 99773 99773
3 99774 99774 99775 99775 99776 99776 99777 99777 99778 99778
4 99779 99779 99780 99780 99781 09781 99782 99782 99783 99783
i3 99784 99784 99785 99785 99786 99786 99787 99787 99788 99788
[ 99789 99789 99789 99790 99790 99791 99701 99792 99792 99793
7 99793 99794 99794 99795 99795 99796 99796 99796 99797 90797
8 99798 99798 99799 99799 99800 99 9 99801 99801 99802
9 99802 99803 99803 99804 99804 99805 99805 99805 99806 99806
28.0 99807 99807 99807 99808 99808 99809 99809 99810 99810 09810
1 99811 99811 99812 99812 99813 99813 99813 99814 99814 90815
2 99815 99816 99816 99816 99817 99817 99817 99818 99818 09819
3 99819 99820 99820 99820 99821 99821 99821 99822 99822 99823
4 99823 99823 99824 99824 99825 99825 99825 99826 99826 99827
5 99827 99827 99828 09828 99829 99829 09829 99830 99830 90830
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1 99849 99849 99849 50 99850 99850 99851 09851 99851 99852
2 99852 99852 99853 99853 99854 99854 99854 99855 99856
3 99855 99856 99856 99856 99857 99857 99857 99858 90858 99858
4 99858 99859 99859 99859 99860 99860 99861 99861 99861
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7 99868 99868 99868 99869 99869 99869 99869 99870 99870 99870
8 99871 99871 99871 09871 99872 99872 09872 99873 99873 99873
9 99873 99874 99874 99874 99875 99875 99875 99875 99876 99876
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